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Summary. — An analysis is carried out of the extent to which primary 
interactions can be investigated using data obtained from cosmic-ray 
u-mesons. The analytic dependence of the p-meson flux at various depths 
and energies is developed and computations about the energy distribution 
of pions in primary interactions are carried out. The results agree with 
a power law lab-system energy distribution. 


1. — Introduction. 


Of all cosmic ray particles reaching sea level, muons (4 mesons) are by 
far the most numerous. As a consequence, a large amount of experimental 
data about them has accumulated. It is the aim of this article to investigate 
what information can be derived from these data about the interactions of 
the nucleonic component at high altitudes, in which the muonic component 
originates. 

The problem can be formulated as follows: Let N(#,, H') dE, stand for 
the average number of pions in the energy interval Æ,., dH, created in the 
atmosphere by an interaction of a nucleon with energy Æ', and let similarly 
M(H, E') dE be the average number of muons in the interval E, AE resulting 
from such an interaction. The problem then is, whether the functions N(E_, E') 
and M(H, E’) can be derived from experimental results on muons. If it is 
possible, the next step would obviously be to carry out such a reconstruction, 
using available data. If not, it would be useful te find out what constitutes 
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the maximum information on these two functions contained in the muon 
component. 

The transformation from N(EH,, E') to M(E, FE) was investigated by 
ASCOLI (1). He showed that if N(E_,E') is a smooth function, the trans- 
formation is closely approximated by 


Ex AE Sh 

(1) N (o ; ) 072007 M(E, E')dE 

provided all pions decay. At higher energies there is an appreciable proba- 
bility that the pion, instead of decaying, undergoes nuclear interaction. At 
20 GeV this probability is about 25%; at very high energies only a small 
fraction of the pions manage to decay (?). Strictly speaking, therefore, the 
function N(£_, E') in equation (1) should be multiplied by the « average pion 
decay probability » g_(F_). It may be shown that for low energies (< 30 GeV) 
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where /_ is the interaction mean free path of pions, À, is the nucleonic atte- 
nuation m.f.p. and E, E/0.789 is the pion’s energy in GeV. 

In what follows, only the structure of M(H, E') will be investigated. The 
energy range considered reaches from about 0.5 GeV (arrival energy) up to 
about 30 GeV. 


2. — The mean survival probability. 


Because of the large number of factors involved, rather extensive approx- 
imations are necessary. Muons are assumed to retain the direction of their 
generating nucleons (see (3) for a detailed investigation) and a constant, energy 
independent attenuation mean free path 2 — 130 g/cm? is assumed. Further- 
more, all primary particles are treated as nucleons. On the other hand, energy 
losses due to ionization are taken into account. The distance traversed by 
pions before decaying is disregarded. 

Under the above simplifications, the muon flux I reaching sea level (or any 
other altitude) can be regarded as made up from contributions of various gen- 

pe 1 ? à à pa st Q if € ny ral = = . 
erating nucleon energies, E', various muon energies at production, Æ, and 


(1) G. Ascott: Phys: Rev., 79, 812 (1950). 
@) G. YekutrIELI and U. HABER-SHAIM: Nuovo Cimento, 11, 172, 683 (1954). 
(5) E. BrunBERG: Ark. for Fys., 14, 195 (1958). 
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various atmospheric depths | g/em?. Denoting the (differential) primary energy 
spectrum by p(H’) and the probability that a muon produced at depth / with 
energy Æ will reach sea level without decaying by f(/, E), we obtain 


(3) 1={[Jow ) M(E, E') exp 


The integration on / involves only known functions and can therefore be per- 
formed. Let us define the «mean survival probability » 


fil, E) AdEdE'. 
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1033 g/cm* 


HU | f(l, E) exp - | dl, 
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The function f(l, E) for the case of a constant rate of energy loss e GeV g_! em? 
has been calculated by JANossy (4. Expressing eq. (18), p. 179 of ref. (4) 
in terms of initial energy (instead of arrival momentum) we obtain, in the 


extreme relativistic approximation 


1033 g/cm°? 
| l l Alt 1,3/(E + le) 
(4) tbe | ore | aa (1 | a ne 
0 


where A —1033e is the energy loss of a muon traversing the whole atmosphere 
vertically. 

If le is neglected, the result is an incomplete J” function multiplied by the 
probability of a muon originating at depth À to escape decay in flight. For 
sea level observations, the /' function is very nearly complete (for observations 
at high altitudes it is not) and as its value is close to unity the error intro- 
duced by eliminating it altogether is not large. Thus the « production layer 
approximation » in which all muons are assumed to originate at atmospheric 
depth À is justified. A better approximation is obtained if 1) the J” function 
is not disregarded or approximated 2) le, instead of being neglected, is re- 
placed by 4e (this also leads to a J” function); or better still, if the atmosphere 
is divided into sections and in each section le is replaced by le, where 7 is the 
section’s average depth. 

The values of g(Æ) obtained (for sea level) by replacing le by Ae are re- 
produced in Table I. For comparison, the values obtained when the atmosphere 
is divided into 3 sections (designated by gs(£)) are also given for some energies. 


(4) L. JANossy: Cosmic Rays (Oxford, 1950), 2nd edition. 
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Egev g(E) Y3(E) EGey gE) 
125 0 0.020 1 7 0.602 0 
D 0.064 4 0.091 7 10 0.703 9 
DID 0.178 5 15 0.793 6 
3 0.265 2 0.2819 20 0.840 6 
4 0.393 0 | 0.407 0 30 0.889 3 
5 0.484 3 | 


3. — The interpretation of experiments. 


After integrating over | the muon flux remains expressed by an integral 
over the variables E and #', 


— 
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This integral cannot be evaluated or simplified, as it involves the unknown 
function M(H, E). However, if the relative contributions to it from various 
values of E and E' are known, (5) may be regarded as a differential equation 
and solved. Experimental evidence can therefore be classified as follows: 


1) Measurements giving the dependence of J on E. These include energy 
spectrum, height and depth measurements, and they enable one to derive the 
«production spectrum » (5) 


fea) 


(6) G(E) = I p(B’) M(H, B') ak’ . 
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2) Measurements giving the dependence of I on E". These include meas- 
urements of the geomagnetic latitude and east-west effects and result in the 
«yield function » (9) 


(5) M. SANDS: Phys. Rev., 77, 180 (1950). 
(°) J. J. QuenBY and W. R. WeBBer: Phil. Mag., 4, 654 (1959). The same function, 
under the name of «total multiplicity », was used by NEHER (19). 
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A combination of both kinds of measurement—for instance, a measurement 
of the latitude effect at various altitudes—ought to make it possible to derive 
M(E, E') empirically. Since the only way to vary Z' is by employing the 
geomagnetic field, it seems that the complete reconstruction of M(H, E") is 
possible only for relatively low energies, such as are obtainable—or will be 
in the near future—by artificial means. At higher energies, experiments can 
give only one « point of information »—by means of the total rate 


namely, 
the average multiplicity for any value of E 


(8) mo, PIE, PENARE 
ta [rear 


This can be used to check various production models (°°). 

Before concluding this classification a remark should be made concerning 
angular distribution measurements. Such measurements are difficult to in- 
terpret, because the dependence of the mean survival probability g(#) on the 
zenith angle 0 is not a simple one. Im principle, however, experimental meas- 
urements of energy distributions in various inclinations to the east and to 
the west (*) may also be used to derive M(H, E')—and even for higher values 
of EH’ than is possible by other means. 


4. — Analysis of data. 


An attempt was made to reconstruct M(H, E) using data about the lati- 
tude effect—expressed by the yield function Y(£")—at various altitudes. Two 
sets of data were available: Those of NEHER (1°) giving Y(H') at five alti- 
tudes, and those of QUENBY and WEBBER (°) giving it at only two. Neher’s 
results were based on an inaccurate primary energy spectrum pP(E') and had 
to be revised to conform with more recent measurements. In order to use 
these data for solving eq. (7). the continuous function M(H, E) was replaced 
by an approximation M (E, E), containing contributions from only a finite 


number k of values of E 
Ud 


M'(E,E)=Ya(E)ME-E) 


i=1 


($ is the Dirac delta-function). 


(7) G. Ismikava and K. Mappa: Nuovo Cimento, 7, 53 (1958). 

(6) S. OLBERT: Phys. Rev., 96, 1400 (1954). 

(9) J. R. Moroney and J. K. Parry: Austral. Journ. Phys., 7, 423 (1954). 

(1°) H. V. Never: Phys. Rev., 76, 914 (1950); Progress in Cosmic Ray Physics, 1, 
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Substituting this approximation into (7) results in a set of linear equa- 
tions, whose number equals the number of altitudes at which Y(H’) roas meas- 
ured. Solving this set, one obtains the coefficients a;(E'), which represent the 
meson production probabilities in various (meson) energy ranges. Ti, VA mis 
known for five altitudes, it would seem that five unknown coefficients a; may 
be obtained; that is, we may choose k= 5. Actually, experimental inaccu- 
racies prevent such a full solution, so it was preferred to use a smaller 
number of coefficients, and adjust them to give best fit to the data (this would 
generally be done by the method of least-squares; however, since here an addi- 
tional limitation is imposed that the a, are non negative, other methods have 
to be employed). 

Using Neher’s dataf or the primary energy E’ = 10 GeV the following values 
were obtained: 


E; (GeV) 0.5 1 125 2 
d; D 2.3 1 0.2 


As may be seen, the resulting multiplicity is higher, and the energy spectrum 
steeper than has been found by other methods. 

QUENBY and WEBBER give only two values of Y(H’), namely for sea level 
and for { = 312 g/em*. Hence only two equations involving M(H, EH’) are avail- 
able, and these may be used to determine two parameters in any given model. 
Here a model M(E, E') = a(E')E "© was chosen (this obvsiously cannot hold 
down to the lowest meson energies but only for the high-energy « tail»). The 
value of a(Z’) was here found from the value of Y(H’) at sea level and that 
of the exponent n fromt he ratio Yg12/Y.a vue 

The computation was carried out for a primary energy £' — 10 GeV and 
a mean free path 2 — 75 g/em? was assumed (since at such low energies only 
the first collision contributes significantly to meson production, 2 should be 
set about equal to the interaction—and not the attenuation—mean free path). 

The results are in fair agreement with Heisenberg’s model | 


M(H, 10 GeV) = 0.67 E-2 GeV-1. 


According to Heisenberg’s theory, M(E, E') should increase with E’ like B’” 
where y descends from a high value to an asymptotic value of unity. According 


to the results of (°), this asymptotic value is near 1.25, but this may be due 


i Secondary interactions, which increase the number of mesons produced by 
higher energies. 


In addition, various production models were tested by comparing the energy 
spectra obtained from them to the measured results of OWEN and WILSON (11) 
sults ‘ i 


(11) B. G. Ownn and J. G. Witson: Proc. Phys. Soc., 68 A, 409 (1955) 
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It was found that the simple model in which all mesons are assumed to 
be produced in the C system isotropically and with equal energies leads to a 
spectrum markedly steeper than the observed one, A relation M(H, E‘) =const.- 
-E'-E-? results in a spectrum slightly less steep than observed, while 


M(E, E') = const: H’- B® 


gives a fairly good fit. 


5. — Conclusions. 


It has been shown that the energy spectrum of pions produced in primary 
interactions of cosmic radiation can be investigated by means of the muon 
component at various altitudes and geomagnetic latitudes. Actual measure- 
ments indicate that at its high energy end this spectrum behaves like H™ 
or E-2*. The information lacks in detail, however, because of the scarcity 
of available data; anyway, the possibility of obtaining full information by this 
method is inherently limited to low energies. 


The author wishes to thank Professor K. Srrre for his advice and interest 
and Professor G. YEKUTIELI for several illuminating discussions. 


APPENDIX 


Proof of equation (2). 


With the notation of eq. (2), the relative probability of a pion being pro- 
duced at atmospheric depth ! to 1+d! (g/cm?) is 


expat = 
E | À 


*p 


abe 


Since pions generally do not proceed very far from the point where they 
are created, we may assume uniform atmospheric density 0 = @(I/l)) along 
their entire path. The probability of a pion interacting after traversing a 
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depth Z—and not decaying before—is then 


hence the probability of interacting anywhere is 


dL ceto 6% Ex 0% 1 
Ne An An me? ly 


Weighing the probability of interacting by the probability of being created at 
various values of 7, we obtain for the total interaction probability 


67500 Ln DONC T Oo Ag 
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hence the probability of escaping interactions is 


In(e) = (1 (Toko À y |: 


T 
TOC? hy, A 


RIASSUNTO (*) 


Si esamina fino a qual punto le interazioni primarie possono essere studiate usando 
i dati ottenuti dai mesoni u dei raggi cosmici. Si sviluppa la dipendenza analitica del 
flusso dei mesoni y a varie profondità ed energie e si eseguono calcoli sulla distribuzione 
dell’energia dei pioni nelle interazioni primarie. I risultati si accordano con una distri- 
buzione dell’energia nel sistema del laboratorio secondo una legge esponenziale. 


(*) Traduione a cura della Redazione, 
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(ricevuto 18 Marzo 1960) 


Summary. — It is shown that there is no contradiction between « energy 
conservation» and the continuous creation of matter in an expanding 
universe. By applying Noether’s theorem to the substratum, a modified 
conservation law is obtained which accounts automatically for the creation 
of matter. The substratum is treated as a relativistic fluid and the 
solution of the equations of motion determines the characteristics of 
the substratum and gives a picturesque interpretation to the process of 
creation of matter. An equivalent model within the framework of gene- 
ral relativity is set up. 


1. — Introduction and basic concepts. 


The steady-state theory of the universe was first introduced by BONDI 
and GOLD (!) in 1948, and was based on the powerful perfect cosmological 
principle. Later HoyLE (?) showed that the theory can be gotten from a 
modification of Einstein’s field equations. A more attractive deduction of 
the theory from general relativity was given by McCRrEA (?), based on a re- 
definition of the zero-level of pressure. 

An arresting feature of the steady-state theory is the continuous creation 
of matter. It has usually been argued that energy conservation is only an 
empirical law and must be given up if facts compel us to do so. In spite of 
this argument, at first sight it seems as if continuous creation would contradict 
the basic steadiness-assumption of the theory. For, in fact, energy conser- 


(‘) Present adress: Physics Dept., Boston University, Boston 15, Mass. 

(1) H. Bonpi and T. Gop: Month. Not. Roy. Astron. Soc., 108, 252 (1948). 
@) F. Horie: Month. Not. Roy. Astron. Soc., 108, 372( 1948). 

(3) W. H. McCrua: Pree. Roy. Soc., A 206, 562 (1951). 
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vation, as well as any other conservation law, may be expressed as an in- 
variance property of a system. In particular, energy conservation is equi- 
valent to invariance under a time-displacement transformation t — ++ dt. 
Hence, if energy conservation does not hold, this seems to indicate that the 
universe is not homogeneous in time. We shall show, however, that this 1s 
by no means the case: by applying the perfect cosmological principle consist- 
ently, we not only can achieve invariance under time-displacement but obtain 
also a modified form of the usual energy conservation law, which automatically 
gives account of the continuous creation of matter. By combining this law 
with the equations of motion, we can find also the characteristics of the basic 
substratum. 

The substratum will be considered as the basic physical background against 
which all quantities must be measured, rather than an approximation of the 
overall motion of matter. Briefly speaking, the substratum will be looked upon 
as a geometry endowed with physical properties: co-ordinates 3 density ©, 
pressure p, and velocity v. By the perfect cosmological principle o and p are 
independent of #,, and the flow is stationary, Ov/0t — 0. We exclude the 
oversimplification of the static case with v= 0; thermodynamical non-equi- 
librium shows that this cannot hold. Then, the velocity of a point of the sub- 
stratum at a distance r from any fundamental observer may be inferred from 
the cosmological principle, isotropy, and self-consistency. As is well known, 
one finds 


(1) B= iP, 


where, by the steadiness-assumption, 7 is a constant of the dimensions [s]. 

Since the velocities of distant parts of the substratum are large we must 
use the (special) theory of relativity if we wish to discuss its motion. First of 
all, we need the components of the relativistic four-velocity 


5 di dI 
(2) U = Te ’ (Di ic). 
But here 
(3) dt Zz 
i dr : 
because 

ds? = — ¢ dr? = dr? e? dt? , 
hence 
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dr 
— = ( 
dt 


at any point and at any time, since any point is stationary along its own 
world-line. Hence (2), (3) and (1) give (*) 


I 


4 pi = E 
(4) Ui = UE = 


Le, amis 


It is now evident that the equation of continuity does not hold for the 
substratum; instead we have 


30 


~ A 
(3) On! OU) == OC; Vi; — —— 


That is, mass will be created at a local rate of 


30 


(6) = T 


per cm? and s. This is of course a purely kinematical consequence of the 
assumption 9 = const and the expansion law. 

In order to discuss dynamical properties of the substratum, we need to 
know its energy-momentum tensor, which will be that of a relativistic fluid. 
In the earlier literature there was a considerable amount of confusion regarding 
the form, derivation, and application of this tensor, but now the problem is 
settled. A completely satisfactory derivation of the tensor was recently given 
and discussed by Marx (4). This tensor is of the form 


(7a) Dea OU Ue 05 te 
For a flat metric, which we shall use throughout, except in Section 4, this re- 
duces to 


(7b) Ty = — OU, U, — À wD - 
It should be emphasized that here o is the proper rest-mass density and p 
the proper pressure as measured by a co-moving local geodetic observer. 


(*) Greek indices run from 1 to 4, while latin indices from 1 to 3. Summation 
over repeated indices is understood. 
(4) G. Marx: Bull. Acad. Pol. Sci., Cl. III, 4, 29 (1956). 
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2. — The modified conservation law. 


We now proceed to derive the conservation law arising from invariance 
under time-displacement, this invariance being essential for the steady-state 
hypothesis. To see clearly the meaning of the following procedure, we recall 
that in Section 1. We have «equated » the substratum with the « geometrical 
background », and thus it is the latter which is expanding and thereby sweeping 
away with itself the matter present. The geometrical co-ordinates of matter 
are thus related to the velocity of the substratum and hence, by the fluid 
equations of motion to be derived, to o and p. In this fact we may see an 
expression of Mach’s principle. 

We assume that the substratum is described by some Lagrangian L which 
depends on some field variables y. The concrete form of the Lagrangian and 
the specification of the variables y are not relevant. 

It has been shown long since (see, for example, Hine (*)) that according 
to Noether’s theorem, the general form of the conservation law arising from 
invariance under the transformation > en da, is 


i OL 
(3) On (ro = dd, avy) da, — (0? 
On 


We consider now a time-displacement 
(9a) La —> a, + ic dt . 


Due to the expansion of the geometry, this transformation will be necessarily 
accompanied by a transformation of the space-co-ordinates x,. We have 


a 
(9D) By > x; | DE St = X; TT Li St . 


(Another interpretation of these simultaneous transformations will be given 
at the end of the paper.) (94) and (9b) may be jointly written 


2 1 : A 
(10) dy == (7 Xi One a ied) dt . 


CE IL. Binns Rev. Mod Phys. 23; 253 (1951). 
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Hence, (8) gives, since Ôf is arbitrary, 
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We now make use of the following conventional definitions (see, for ex 
ref. (5) or WENTZEL (*)) of the energy density W, momentum densi 
stress 7,,, and energy flow density S,: 


OL A 
“nd ER op —W, 
hb € 
ie 00qw 
(12) ss 
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Using (12), eq. (11) can be rewritten as 


9 
(13) AUS qui) lia (s. e oD) at: 


This is the conservation law, replacing the usual one, 


AW se 
Fi a CV x = 0 è 


We thus may say that energy conservation holds, but if an observer 
into a region at a distance he will find an energy density 


li 
e ru W-346,, 
(14a) W W pro, 
and an energy flow density 
7 : di 
(14b) Sy == Sr — T UD ei . 
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(6) G. WENTZEL: Hinfiihrung in die Quantentheorie der Wellenfelder (Wien, 1943), p. 9. 
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A more fruitful interpretation is, however, obtained if we rewrite (13) as 
follows: 


es 


ot 


CW i 2 ] 1 0G; 
(15) aa + 0.8; = VE LG; + T Oni Lei + Ti cf oD =. 


As compared with the conventional conservation law, the right hand side, x, 
gives clearly the apparent «creation of energy». Using now Le as given 
by (7b), noticing that G,= (1/ie)T,,= ov; = (0/T)x;, and that, due to the 
stationarity of flow, 0G,/0t=0, we obtain after a slight calculation for the 
rigo OL eg, (15) 


a. chants eS yee 


ope s0 
(16) RC rare te 


Since for any fundamental observer r= 0, the first term of (16) gives the 
local rate of apparent energy creation. Thus, the local rate of matter creation is i 


3P 
Dos 


and comparing this with the kinematical result (6), we find that 

(17) D —— oe, 

That is, the substratum possesses a negative (outward) pressure. It is notable 
that the relation (17) between pressure and density was also obtained in — 


m= 


Using (17), eq. (16) may be rewritten in the form 


MeCrea’s theory (*). 
DI a 2 / 2 
(18) a= (1-37 È 


where À = eT is the radius of the observable universe. The factor in brackets 
is obviously a transformation factor with which the local rate of energy creation 
must be multiplied if the observer looks into a region at a distance r away, 
and it is due to the expansion of the geometry, which immediately sweeps 
away a fraction of the locally created matter. 

We notice that the local production of energy may be thought of originating 


from the work done by the pressure during the expansion. Indeed, the work 
of pressure is 


(19) 4 =—|pay, 
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and, since a simple calculation shows that as a consequence of (1) 
PCT 
ly TIRE 
(19) gives 
d'A 3; 300? 
(20) aN, Sy cutee Ne) 
dV dt fh jh 


in accord with (18). 


3. — The equations of motion. 


In order to obtain a numerical value for 0, we must solve the equations 
of motion of the substratum. They are 


(21) a0. =F 


where F, is the force per unit volume. This we identify with the gravitational 
force, since the substratum is subject to this body force. When we want to 
write down this force, we must carefully distinguish between the inertial mass 
density o and the gravitational mass density o. The gravitational mass is 
defined through the acceleration it causes on an inertial mass in its field. 
Since the substratum is under pressure, the gravitational mass will differ from 
the inertial mass, because the mass equivalent of the pressure-energy will also 
contribute to gravitation. Consequently, the spatial components of the force- 
density are 


5 An 
(22) = 3 CU 


where y is the gravitational constant. Thus, using (7b), and (22), the first 
three components of (21) give 


40 AT 

Te = mS Ge: 
hence 
4 Bye al 
( 3) Eg yt 


The next step is to find the relation between this gravitational density and 
the inertial mass density o. WHITTAKER (’) has shown that under very general 


(7) E. T. WHITTAKER: Proc. Roy. Soc., À 149, 384 (1935). 


[er] 
ca 


16 P. ROMAN 


conditions, which apply in our case, 


(24) o=—0. 


Hence, with (23), 


25) ( 3 1 
ae ) = — = 
(29 5 cyl? 


HOYLE (2) and McCrea (*) obtained in their theories a value 8 times less than 
we have here. The difference in Hoyle’s case arises essentially from the fact 
that he did not allow for a pressure, and in McCrea’s case it stems from iden- 
tifying the energy density with the rest mass density. 

Using Sandage’s (8) recent value 


il 
SS, DORE 
jp 


for Hubble’s constant, (25) gives numerically 


(26) 0 9.6°10-* giem®, 


a very reasonable value. 
According to (6), the local rate of matter creation is then 


(27) MENT -2 "T0 * elem, 


Our picture is completed if we work out the fourth component of the 
equations of motion (21). We then get 


BO . 
me; 


but, since (c/i)F, is, from the customary point of view, the density a of work 
done per second by the force-density F;, we may write 


(28) SAC 
dt yh 


(5) A. SANDAGE: Astrophys. Journ., 127, 513 (1958). 
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Hence the work done by the gravitational force per cm? and s is just 3oc?/7, 
i.e., according to (16), the locally created energy. On the other hand, gravi- 
tation is necessary to keep the universe in a steady state: since p is constant, 
the hydrodynamical equations of motion do not permit a steady flow unless 
there is a body force. In a sense, we may say that gravitation works against 
a change in rate of expansion and keeps balance, thereby creating mass. How- 
ever, the expansion is not brought about by the pressure directly, because p 
is constant and its gradient does not appear in the equation of motion. 
Nevertheless, the pressure, through its negative contribution to the gravita- 
tional mass and hence to the gravitational force, determines the constant rate 
of expansion. Otherwise the gravitational force would tend to bring the system 
to an accelerated flow. So that, as an alternative to our above point of view, 
we may also say that the pressure constantly changes the inertial mass to its 
eravitational value in order to keep up a steady rate of expansion. While 
doing this work, it alters the energy of the system and produces energy. We 
have indeed seen in (20) that the work of pressure is also 30e?/7, so that the 
two viewpoints yield an identical result. 

Incidentally, it is interesting to note that since in this picture the work 
of the gravitational force is positive and o must be necessarily positive, (28) 
shows that T must be positive too. That is, we must have expansion and not 
contraction. 

We may also visualize the situation from another point of view. In recent 
works on relativistic dynamics (see, for example, SzAMOSI (*)) it has been 
pointed out that if the four-force is not perpendicular to the four-velocity, 
the rest mass will not be constant. The expression aad may be taken 
as a measure of the change of rest-energy density per second; in our problem 
this expression gives exactly the quantity (16). 


4. — The equivalent relativistic model. 


We now show that an interesting equivalent model may be constructed 
n the framework of general relativity. 

As was shown by ROBERTSON (1) and discussed by Bonpt (11), it follows 
rom purely kinematical considerations that the line-element of any cosmo- 


ogy has the form 


29) ds? = — ç2 dt? + fr(t)(1 + 1kr?)-2dr®, 


(2) G. Szamosi: Acta Phys. Hung., 6, 207 (1957). 
(0) H. P. RoBERTSON: Astrophys. Journ., 82, 284 (1935). 
(11) H. Bonpi: Month. Not. Roy. Astron. Soc., 108, 104 (1948). 
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where f is a real and positive function and k is a constant, characterizing the 
three-dimensional curvature. Hinstein’s field equations read 


1 a 
GE 39,0 | MY ny J 8nyT,, : 

BONDI (1!) then showed that if for any local observer at his own position at rest 

and at any epoch t the Ti elements of the energy-momentum tensor vanish and 

7 —T?’—T?=T7i, then f satisfies the equations 


Say rt — Bf? 3ke? 


(304) 5 La fe Pp 


i, 


(300) 


Now, in accord with the perfect cosmological principle we must take Ti 
and Ti to be constants. Then it is easy to show that (30a) and (302) are com- 
patible if and only if 


(31) qi Tm. 


In that case 


(32) f(t) = A exp [Nt] + B exp [— Ni], 
where 

33 Nate e 

(33) È De 5) 


For an infinitely old universe, as is the case in the steady-state theory, the 
second term in (32) will have died out, and we have 

(34) {(t) = A exp [Nt]: 

It then follows further that 

(35) k=0. 


Hence we obtained a de Sitter metric 
(36) ds? = — ¢? dt? + exp [2Nt]dr°. 


The interesting point now is that in our hydrodynamical model, developed 
in the previous sections, we have, by (7a) (*) for the locally observed com- 


() Note that for the metric (29) gi = g} = g3 = gt — 1. 
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ponents 
Di boe lip. 


Comparison with (31) shows that in the equivalent relativistic model 010° 
i.e. the restmass density vanishes. Hence, in this sense the resulting de Sitter 
universe is empty. The total energy density, however, is of course not zero, 
Ti=Tî=—p. We may say that all of the energy is present in the form of 
elastic energy (pressure energy). This statement seems at first sight surprising, 
because an incompressible fluid cannot have elastic energy. But we must keep 
in mind that the substratum is not an ordinary fluid and its intrinsic expan- 
sion makes some conventional concepts void. 
The rate of expansion in the relativistic model is 


I 


(38) L=N. 


|a 


Since this must be equated with the rate 1/7 in the hydrodynamical model, 
we obtain, using (34), (33), (37) and (38), 


3, Say 


(39) = en p. 


If we equate the pressure with its value 


obtained in the equivalent non-relativistic model, (39) gives for the cosmo- 
logical constant 


(40) A =— = Y—13-10-* 5 , 


a very reasonable value. 

In conclusion we mention that the co-ordinate displacement transfor- 
mation (9b) which accompanies the time displacement (9a), may be obtained 
als from the metric (36). The perfect cosmological principle demands that 
this metric must reproduce itself at any epoch #. This criterion is obviously 
satisfied if at a time t+ St the unit of length is changed by a factor exp [— N dt]. 
Therefore at this moment a fundamental observer will measure for a fixed 
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point the co-ordinates of which were #, at the time t, the value exp [N ota; wy 
Rat Nix. Since N=1/T, this means that while t > t4-8t, 2 —x;+ 
+ (1/T)x, St. This, however, is the content of the simultaneous transformations 
(9a) and (9b). 


The author is obliged to Professor H. Bonpr at London University for 
arising his interest in the topic and for a most delightful discussion with him 


and his staff. 


RIASSUNTO (*) 


Si dimostra che non c'è contraddizione fra « conservazione dell’energia » e la crea- 
zione continua di materia in un universo in espansione. Applicando al substrato il 
teorema di Noether, si ottiene una legge di conservazione modificata che rende auto- 
maticamente conto della creazione della materia. Il substrato è trattato come un fluido 


relativistico e la soluzione delle equazioni del moto determina le caratteristiche del 


substrato e dà una pittoresca interpretazione del processo di creazione della materia. 
Si stabilisce un modello equivalente nello schema della relatività generale. 


(*) Traduzione a cura della Redazione, 
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Effect of the Dipolar Rotation of Liquids - III. 


E. GROSSETTI 


Istituto di Fisica Sperimentale dell’ Università - Napoli 


(ricevuto il 14 Marzo 1960) 


Summary. — In previous papers the values of rotational momenta for 
certain polar liquids in rotating electric fields having frequencies ranging 
between 0.125 and 8.5 MHz and between 8.5 and 23.0 MHz, were deter- 
mined. In this paper however, are reported the rotational momentum 
values for some polar liquids (toluene, nitrobenzene, ethyl alcohol, amyl 
alcohol, distilled water, acetic acid) in a rotating electric field at much 
higher frequencies, that is 100.0; 120.0; 150.0 MHz, in order to deter- 
mine in a different way the viscosity coefficient values. The values of 
the viscosity coefficient 7, obtained by comparing the experimental rota- 
tional momentum with that given by the Born formula—-in which M 
is substituted by the values of the electric momentum measured in the 
Debye polarization processes—are relatively in agreement with those 
obtained by classical methods. 


In previous papers (12) the values of rotations momenta for certain polar 
liquids in rotating electric fields, having frequencies ranging between 0.325 
and 8.5 MHz and between 8.5 and 23.0 MHz, were determined. 

In the first paper the difference noted between experimental and theore- 
tical values may be attributed to the conductivity of the liquid examined. 

In the second paper, however, because of the use of rotating electric fields 
having higher frequencies, the effect of conductivity may be considered as 


(1) E. GrossertI: Nuovo Cimento, 10, 193 (1958). 
(2) E. Grosserri: Nuovo Cimento, 13, 350 (1959). 
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negligible and therefore the differences noted between experimental and 
theoretical values may be attributed to a variation of the viscosity coefficient 
of the liquids examined with the frequency of rotation. 

This gives the possibility to determibe the latter coefficient by means of 
a method which is totally different from the classical one, i.e. by means of 
the effect of the rotation of the molecules in connection with the center of 
gravity axis, instead of being determined by the effect of the displacement 
of the particles in relation to each other. 

In view of the differences encountered, it was decided to raise also the fre- 
quency of the variable field in order to discover what effect such increase might 
have on the value of 7. The increase was such that it was possible to reach 
frequencies ranging from 100 to 150 MHz. The theoretical rotation momen- 
tum L is given by the Born formula 


(1) 15, — tauno(ME|kT)? 7 


in which M is the value of the electrical momentum obtained from the Debye 
formula for the polarization processes and 7 the viscosity. Evidently under 
the assumption that M is independent of the frequency, the experimental 
measurement of L gives the possibility of obtaining 7) in these special con- 
ditions. 

The generator for the production of the rotating field ((100 +150) MHz) is 
built differently from the one employed for the lower frequencies which had been 
used previously. The electrical rotating field results from the composition of two 
alternating fields dephased by 90° and produced by two couples of plates op- 
posite each other and disposed according to the lateral faces of a parallelepiped 
having a square base and in the center of which a teflon container is set, holding 
the liquid under study. The container is suspended from a torsional wire (of 
tungsten) 95 em long and whose radius is 2.10-3 cem. The rotation momenta 
were determined by means of the mirror and scale method, with a scale placed 
at approximately 6.80 m from the mirror. It was possible to detect momenta 
of approximately 2.44-10-4 dine em... 

A transmitter is used to triplicate the frequency from a signal generator 
(33.33 50.0) MHz, Fig. 1) in such a way that it is possible to obtain, at the 
output, amplified signals ranging from 100.0 to 150.0 MHz. On the plates 
of the generator it is possible to obtain radiofrequency voltages ranging be- 
tween 100 and 1000 V. 

The voltages producing the alternating fields are obtained from the trans- 
mitter, and the phase shift among them is obtained by drawing them at the 
input and at the output of a x cell in which, as it is known, such voltages are 


dephased by 90° when the reactances of the elements have equal absolute 
values (Fig. 2). 
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The reactances X,,, X,,, (parallel) are included in the pa circuits a 
the input and output of the mentioned cell, while the capacity reactance X, 


(series) acts as a coupling. 
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Each one of the two wattless voltages feeds, through a symmetrizer (S,, S,) 
formed by lengths of coaxial cable) supplying the two voltages opposed and 
balanced in regards to the earth, one ot the couples of plates. 

The coupling capacity and 
the two variable tuning circuits, 
consisting of coaxial lines, as 
the symmetrizers, cover the 
range 100 to 150 MHz (Fig. 3). 
The movable short-circuiting 
jumpers can be operated from 
the exterior. 

The input of the x, from 
which the plates are fed, is coup- 
led to the generator by means 
of a variable condenser called 
« direct coupling » and, by regu- 
lating it, the input inpedance of the device may be varied until it reaches 
60 ©, which is the characteristic impedance of the input coaxial cable. 
Such a condition of equality is revealed by a minimum in the intensity of the 


dir. coupl. 
from the gener 


Direct 
Simmetrizer 


Directional probe Sec. meas. 


mes li” so, 


LL 


Coupl.tuning 


Short circ. 
bridge 


Direct tuning G ; 
; oupled tunin 
Throu Refl.wave line De z 


250 pA 
l la 
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bo 
Gt 


reflected waves, which minimum is reported by the corresponding instrument 
in the directional probe placed at the input of the rotating field generator. 
Directional probes operate on the principle of the summing and subctracting 
of two induced voltages, respectively from the electric field, on a length of wire 
running parallel to the cable along which alternating current runs. The voltages 
are either in phase or in opposition according to whether the wire runs in the 
generator-to-load way or in the opposite direction. By operating in such a 
way that the two component tensions, the capacitive and the inductive, have 
equal absolute values, and by rectifying separately the two resultants obtained 
on two lengths of wire of the same length but having opposite sense, from one 
an indication will be obtained which is in proportion to the progressive current 
or tension, and from the other the indication will be zero in the only case when 
there is no reflected power. Therefore any indication of this latter instrument 
is a reflection index, which means that it indicates a non-accommodation of 
the load with respect to the 60 Q of the present case, through which impedance 
the generator feeding the instrument can convey the maximum power. 

The voltage on the individual plates is revealed by four instruments (Di- 
rect 1, Direct 2, Coupled 1, Coupled 2) fed by capacitive probes set up 
against the plates themselves. Mechanical dissymetries that result in an unbal- 
ancing of these tensions may be counterbalanced by means of compensators 
connected to the plates and operated 
from the exterior (balanced compen- pee 
eavorse® Di CD CA, CA). 

The same dissymmetries are the 
origin of undesirable couplings between 
the two couples of plates and the respec- 
tive symmetrizers. Such couplings may 
be neutralized by means of special, 
orientable, neutralizing small plates. 

To reveal the phase shift of the volt- 
ages a phase bridge operates see (Fig. 4a). 
The measuring secondaries SD,, SD, 
SA,, SA, consist in lengths of tubes 
placed outside the symmetrizer lines Fig. 4-a). 
from which they are insulated (Fig. 3). 

The warm ends are connected to each other my means of diodes as in 
Fig. 4a; loads are connected to the cold ends. Observing Fig. 4b, it is evident 
that being the two voltages SA, and SA, equal, the points x and f, which 
result from the coupled composition of the voltages, will be equipotential only 
if SD, is dephased by 90° with respect to SA, and SA,. Should this condition 
not be fulfilled (Fig. 4e), between x and f there shall be a voltage difference 
equal to the difference between the two resultants, that shall be revealed by 


Measuring ©SA42z 
econdaries/” 
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the resulting indication on the central zero instrument (control-wattless). 
The tuning of the two lines in terms of the frequency was obtained by chang- 


ing the position of the short-circuiting bridges. 


result! i result 2 


SA; SA; 


Fig. 5 represents the diagrams of the coupled line (A) and of the direct 
line (D) which give us the position of the bridges in connection with the fre- 
quency. 


MHz] js = Je 
150 145 140 135 180 125 120 115 NO 105 100 5 


In order to determine the phase between the € 
formed between opposite plates A 
Small rotating spir 


omponent fields that are 
iA, and D,D, of the generator (Fig. 6) a 
al probe was inserted in the center of the four plates of the 
generator of the electrical rotating field (Fig. 7). The voltages applied be- 
tween A, and A, and between D, and D, give rise to two solenoidal fields (Fig. 6) 
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The vector of the field (electric, magnetic) resulting in the space contained 
by A,A,D,D, is a function of the phase between the vectors of the component 


fields. On a plane at right angles with the plates, 
in a general direction forming an angle « with the 
centerline of the fields D,-D,, taken as reference, 
the intensity XY of the field (say electric) is given 
by the equation 


(2) X=IV1+2 sina cosa cosy, 


where (0<a<+ 90°) and y is the angle of the 
phase (0<g<<+ 90°) of the field A,-A, referred 
to the zero phase of the field D,-D, and I is the 
intensity of the individual component fields which 


Ay 


D2 


Rx 


A2 
EC: 


is thought to be equal for the two. Relation (2) is represented in Fig. 8 as 
function of x for the different values of parameter gy. It is therefore evident 


that the circular rotating field is 
obtained when g = 90°; and as a 
consequence, relation (2) becomes 
X,= 90° =I (for each value of a). 


field A- A2=0 
A2 
Fig. 8. 


When p# 90° the field presents maximums and minimums in correspond- 
ence with the diagonals (x = + 45°) in which the relation (2) stands for 


MI) xe IV1+ 0089; Xin = Xe LV1— COS p: 


max x 
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The ratio K between a maximum and the corresponding minimum for a 
given @ is 
/1 + cosp 
1 — COS y 


(5) x=| 


From eq. (5), and knowing the maximum and minimum values of the field, 
(on which the two diagonals exist) it is possible to come back to the phase 
displacement between the components of the field itself or of the voltages 
producing it. 

Equation (5) is represented in Fig. 9 when g has a value between 45° and 90°. 

For g an indication has been used 
g that immediately gives to differ- 


DE ence of the two wattless voltages. 

goes? we The knowledge of the max- 

imum and minimum values is ob- 

90°%410° le tained by means of the small flat 

spiral probe having its center of 

90+ 15° rotation in correspondence with 

the symmetry center of the plates. 

90%20° The spiral is situated within 

an electrostatically shielded cage 

90%25° la ia and therefore responds only to the 

magnetic field that surrounds it 

90% 30°} ac more or less according to the ori- 

entation of the spiral itself. The 

2035") rae ME voltage, which is induced in it, 

| | rectified and filtered, is conveyed 

90% 40° to an instrument which, using 

ee: ee : QE same indication, gives à sae 

1 1112131415 D 28 ative measurement of the field in 
reo: the various directions. 


In order to determine the phase 

between the fields it is therefore 

necessary : to determine the values of the two maximums and of the two minimums 
within a 360° angle of the probe; to calculate the average of the maximums 
and that of the minimums (in order to compensate as much as possible for 
errors in symmetry); to calculate the ratio K = average of maximums/average 


of minimums and from Fig. 9 it is possible to note the corresponding phase 


displacement angle between the two voltages « direct and coupled » 


The value of the voltage difference of radiofrequency applied to the op- 
posite plates, at the distance of 9.0em from each other, for the generation 
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of the rotating electric field, was of approximately 240 V. It was necessary 
to apply a low voltage difference because with higher voltage differences it 
was discovered that during the time necessary to carry out the measure- 
ments of the rotation momentum (about six minutes) there was an increase 
of about 1 °C in the temperature, due to dielectric hysteresis, that resulted 
in an instability of the deviation. 

The liquids examined are the following: amy] alcohol, distilled water, toluol, 
nitro-benzol, isopropylic alcohol and acet acid. The values of the viscosity 
coefficient 7, obtained by comparing the experimental rotational momentum 
with that given by the Born formula—in which M is substituted by the 
values of the electric momentum measured in the Debye polarization pro- 
cesses—are comparatively in agreement with those obtained through classical 
methods. 

The relation between the values of 1, measured with the two different 
methods does not exceed, for most of the liquids examined, the value of 2. 
Only in the case of nitrobenzol a remarkably higher ratio was found. This 
might point out an effective difference at frequency of 7 (supposing M is 


constant). 
Taste I. — Values of the ratios L,/L,. 

100.0 MHz 120.0 MHz 150.0 MHz 

Liquids = È $5 ee 

L{Li Lf Li Lf Li 
Amyl alcohol ves Ome TOUS TASCA O 
Ethyl alcohil ET O SE | Deas LOm 4.6-107 
Metyi alcohol 10.1-10-+ | HALL OS 10.0:10-1 
Isopropil alcohol 10.4-10+ 10.4-10-1 12/5108 
Acetic acid 12.4-10+ | 1254108 12200 
Nitrobenzene 33.0 102 | 3.4:°10-? | SQ 
Toluol 25.8-10-1 29.5-10-1 | 32.6-10-1 
Distilled water Bf oO | 4.6-10-1 4,2-10-+ 


In Table I are reported the values of the ratios between the rotational 
momenta (L,) obtained experimentally for the various liquids used, at fre- 
quencies of 100.0; 120.0 and 150.0 MHz, and the calculated rotational mo- 


menta (L,). 
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In Figs. 10 and 11 are noted the logarithm curves of the momenta L, and 
L, in relation to the frequencies logarithms, while in Fig. 12 are reported the 


5 
log L+ tog10° log L-log 10 
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logarithms of t ’atios re : aves 
g Ù the ratios between Ly and L, of the various liquids as the fre- 
quency varies. 


RER ES 


We owe thanks to Prof. A. CARRELLI, Director of the Institute, for the 
advice he gave and for the interest he took in the work. We are also indebted 


to the Directors of the Technical Office of the Italian Radio and Television 


who designed and built the electric rotating field generator 
d gene : 


19 


Le 


EFFECT OF THE DIPOLAR ROTATION OF LIQUIDS - III 3] 


RIASSUNTO 


In lavori precedenti sono stati determinati i valori dei momenti di rotazione per 
aleuni liquidi polari in campi elettrici rotanti per frequenze da 0.325 a 8.5 MHz e da 
8.5 a 23.0 MHz. In questo lavoro si riportano i valori dei momenti di rotazione per 
alcuni liquidi polari (toluene, nitrobenzene, alcol etilico, alcol amilico, alcol metilico, 
acqua distillata, acido acetico) posti in campi elettrici rotanti a frequenze molto più 
elevate, e cioè di 100.0; 120.0; 150.0 MHz allo scopo di poter determinare, in modo 
completamente diverso, il coefficiente di viscosità. I valori ottenuti per il coefficiente: 
di viscosità », confrontando il momento di rotazione sperimentale con quello dato 
dalla formula di Born, quando in essa si sostituiscono ad M i valori del momento 
elettrico misurati nei processi di polarizzazione di Debye, sono relativamente in accordo 
con quelli che si deducono con i metodi classici. 
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Invariants of General Relativity (*). 


I. — Canonical Formalism. 


A. PERES 


Department of Physics, Israel Institute of Technology - Haifa 


(ricevuto il 24 Marzo 1960) 


Summary. — It is shown that, if the Einstein equations are satisfied, 
the gravitational field invariants must be functions of the Dirac canonical 
variables only. It is further shown that the non-canonical variables 99, 
can be erplicitly expressed as functions of the canonical ones (and their 


first time derivatives) and therefore can be eliminated from the Einstein 
equations. 


The Quantum Theory of Gravitation has hitherto been pioneered along 
two main lines of approach: the canonical formalism of Dirac (1-2) and the 
method of field invariants of Bergmann and his co-workers (#7). The purpose 
of this paper is to show that both methods are intimately connected because, 


if the Einstein gravitational equations are satisfied, the field invariants must 


(*) Partly supported by the U.S. Air Force, through the European Office of the 
Air Research and Development Command. 


(1) P. A. M. Dirac: Proc. Roy. Soc., A 246, 333 (1958). 

() P. A. M. Dirac: Phys. Rev., 114, 924 (1959). 

(3) P. G. BERGMANN: Nuovo Cimento, 3, 1177 (1956). 

(4) P. G. BERGMANN: Helv. Phys. Acta Suppl., 4, 79 (1956). 

(5) E. NEwmMaAN and P. G. BERGMANN: Rev. Mod. Phys., 29, 443 (1957). 
(9) A. Komar: Phys. Rev., 111, 1182 (1958). 

(7) P. G. BERGMANN 


i and A. B. Komar: Status report on the quantization of the 
gravitational field (preprint, 1960). 
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be functions of the canonical variables (8) only (*). As a consequence we shall 
be able to eliminate the non-canonical variables I,, from the Einstein equa- 
tions, and thereby to write these equations in terms of the CV and their first 
time derivatives only. 

The bridge between both methods is the Cauchy problem for General Re- 
lativity: it is well known (!°) that a convenient set of Cauchy’s data on a 
hypersurface x° = const. consists (1!) in the six gmn and SiX Jmno- From them, 
it is possible to compute the four Jou OD this hypersurface, while the time de- 
rivatives of Don remain completely undetermined, corresponding to the pos- 
sibility of arbitrary co-ordinate transformations outside this hypersurface. 

As these Cauchy data completely determine the physical situation, they 
must be sufficient to compute all the field invariants on the hypersurface. 
These invariants can therefore be functions (*) of the Ymn, their canonical mo- 
menta (1) p™ and (until proof of the contrary) of the g,,, but not of the Y,,0- 
Let I be such an invariant and let us consider 


J = Gale 12 


Obviously, J is also an invariant. 
Following DIRAC (') let us define 


enn — gine = (pe Gorge) i 


Potage 0-2 Thus i et is a function of the CV only, and one can 


write J as 
(1) Jf = Lot AD Noel = GR, FE CO Le) 4 


Now J, being an invariant, must be independent of g,,9- This implies 
that I must be independent of g,,. We have thus bi that, if the EME 
gravitational equations are satisfied, all the field invariants must be functions 


of the CV only (°). 


(8) Hereafter referred to as CV. | | 
(9) Throughout this paper, it will be understood that the phrase «A is a function 


of B» means that A depends on B and its spatial derivatives, but not on the time 


derivatives of B. 
(0) A. Peres and N. Rosen: Nuovo Cimento, 18, 430 (1959). 


(11) Latin indices run from 1 to 3, Greek indices from 0 to 3. 


5 3 - II Nuovo Cimento. 
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In particular J, being an invariant, must be independent of the g,,, So 
that for any invariant J one must have, from eq. (1), 


(2) Le — gm dali DI A(9°) = 3 


where A depends on the CV only (*). 

The two theorems that have just been proved are extremely useful for the 
practical computation of the invariants and their corresponding A’s, as func- 
tions of the CV. As the final result is independent of the g,,, one may ar- 
bitrarily take, from the beginning, go — 1 and go, = 0, thus saving an enor- 
mous amount of computational labour. 

Let us now consider eq. (2) and take in turn four independent (1?) inva- 
riants, I‘ say (15), One can then solve (2) for (g%)~? and go» as functions (*) 
of the CV and the first derivatives of the I. The I, however, are functions (*) 
of the CV, so that one may obtain (g)~* and the Jo, aS linear homogeneous 
functions of the first time derivatives of the CV, the coefficients being known 
functions (*) of the CV themselves. 

Substituting these results into the Hamiltonian form (2?) of the Einstein 
equations, one obtains them in terms of the g,», Jane DT D ig nde etek 
spatial derivatives only. As the Hamiltonian (?) is linear in (9°) * and go, 
the resulting equations are linear in g,,,,5 and p"" 9, and by a proper choice (1?) 
of the invariants I‘, may contain no higher than third derivatives of p”"» 
and fourth derivatives Of gino. | 

These twelve equations form a highly redundant set, as they are subject 
to eight identities: these are the four Bianchi identities, which express tae 
fact that T°, — 0 if Ti == 9 on the initial hypersurface, and four other (still 
unknown) identities which are necessary in order to maintain general cova- 
riance (i.e. the possibility of arbitrary co-ordinate transformations outside 
uo initial hypersurface, in spite of the elimination of the four arbitrary fune- 
tions g,,). 


Thus, there remain only four independent CV, corresponding to the two 


p k + SATA 4 
4 ( *) For a gwen metric, it is not always possible to find four invariants which are 
unctionally independent, e.g. when there exists a group of motions (13). However 

Me 


poe consider the invariants not as functions of the coordinates, but as functions 
of the CV, so that it is always possible to find four functionally independent invariants, 


e.g. the Witten curvature invariants (3) ich j 

» Which include no hi i i 
QUE higher than first derivatives 
of p"" and second derivatives of gm,. S SE 


13) A. KOMAR: Proc. Nat. Acad. Sci., 41, 758 ( 


( 

1955). 
(14) L. WITTEN: Phys. Rev., 113, 357 (1959). 3 
( 


5) Bracketed indices are enwmerators. 
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vo 
Qt 


degrees of freedom of the field (6). How to find these independent CV without 
impairing the general covariance by co-ordinate conditions (17) is a bitherto 
unsolved problem ('%). 


(16) J. L. ANDERSON: Phys. Rev., 110, 1197 (1958). 

(7) R. ARNOWITT, S. DESER and C. W. MISNER: Phys. Rev., 117, 1595 (1960) 
and 118, 1100 (1960). 

(18) Since this paper was submitted for publication, some similar results were 
obtained by P. G. BERGMANN and A. Komar: Phys. Rev. Lett., 4, 432 (1960). 


RIASSUNTO (*) 


Si mostra che, se le equazioni di Einstein sono soddisfatte, gli invarianti del campo 
gravitazionale devono essere funzioni delle sole variabili canoniche di Dirac. Si mostra 
inoltre che le variabili non canoniche g,, possono essere espresse esplicitamente come 
funzioni di quelle canoniche (e delle loro prime derivate temporali) e quindi possono 
essere eliminate dalle equazioni di Einstein. 


(*) Traduzione a cura della Redazione. 
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Invariants of General Relativity (*). 


II. — Classification of Spaces. 


A. PERES 


Department of Physics, Israel Institute of Technology - Haifa 


(ricevuto il 26 Marzo 1960) 


Summary. — Petrov’s classification of pure gravitational fields is gen- 
eralized to the case where matter is present. It is shown how the Petrov 
invariants can be computed directly, i.e. without the intermediate stage 
of quasi-Galilean coordinates (or tetrads, or spinors) that was required 
in previous works. It is further shown that if some of the invariants 
of Géhéniau and Debever vanish, it is sometimes possible to find new 
algebraic invariants of the Riemann tensor, which are independent of 
those of Géhéniau and Debever. This fact is especially interesting when 
all the Géhéniau-Debever invariants vanish, as is shown by an example. 


1. — Introduction. 


The invariants of general relativity theory have recently been the subject 
of much attention, because of their bearing on the problem of quantization 
of the gravitational field (1). Within the frame of classical physics, their im- 
portance lies in the fact that they offer a means to decide whether two dif- 
ferent metrics represent really different physical situations, or whether they 
are equivalent to within some co-ordinate transformation. The distinction 
between both cases is most easily performed by transforming both metrics to 
some canonical form (somewhat as one can decide whether two hermitian 
matrices are equivalent, by diagonalizing them) 


. 


(*) Partly supported by the U.S. Air Force 
3 j - D. se, thro 
Air Research and Development Command. mami OO OE 


() A. PERES: Nuovo Cimento, 18, 32 (1960). 
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In the case of general relativity, the simplest canonical transformation con- 
sists in choosing as new co-ordinates any four invariants of the metric (*), 
the Jacobian of which with the old co-ordinates does not vanish. If no such 
four invariants exist, (i.e. if any four invariants are functionally dependent) 
the metric admits a group of motions (*) and there must exist one or more 
Killing vector fields. The problem of deciding whether two such metrics are 
equivalent is much more complicated. However, its theoretical importance is 
generally minimized, as such metrics represent a ¢set of zero measure è (?) 
among all possible gravitational fields. 

In the present paper, we shall restrict ourselves to the construction of 
those invariants that can be derived from the Riemann curvature tensor by 
algebraic and/or differential operations. Following the method of Pirani (*) 
we shall use the algebraic properties of the Riemann tensor in order to define, 
at each point of space-time, in an invariant fashion, a tetrad of orthonormal 
vectors. The physical components (5$) of the Riemann tensor and of its cova- 
riant derivatives of all orders, with respect to this invariantly defined tetrad, 
obviously are invariants of the gravitational field. 


2. — Mathematical preliminaries. 


The task that has just been proposed is greatly simplified by means of 


an isomorphism existing between the Lorentz group for real antisymmetric 
tensors, and the three-dimensional rotation group for complex vectors. 
Let A, be a real covariant four-dimensional antisymmetric tensor. Its 


dual B.. is defined by 


where g is the determinant of the gn.. and amas: = +1 if mnst is an even 
permutation of 0123, qasst=— 1 if mnst is an odd permutation of 0123, and 


mn: = 0 if any two indices are equal. 
It may easily be checked that the dual of Ba, is Amn, SO that duality is 
a symmetric property. The tensor 


(2) A. KOMAR: Phys. Rev., 111. 1182 (1958). 

(3) A. KOMAR: Proc. Nat. Acad. Sci., 41, 758 (1955). 

(*) F. A. E. Pirani: Phys. Rev., 105, 1089 (1957). 

(3) F. A. E. PIRANI: Acta Phys. Pol., 15, 389 (1956). 

(9) F. A. E. PIRANI: Bull. Acad. Pol. Sci., 5, 143 (1957). 
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is called self-dual. Note that as Amn is real, and g purely imaginary, one can. 
easily obtain A,mn if Omn is known. 

We suppose henceforth that the metric is locally Minkowskian, at the point 
under consideration. This may be obtained by the use either of a locally 
geodetic system of co-ordinates, or of the physical components (**) of the 
tensor under consideration. ‘We choose the signature of the metric as 
(ee and: taker g? <= 1. 

Let now Amn and By» be self-dual tensors, and let us define 


A,, = A = 404 gg; 


with similar definitions for A,, and A,,,, as well as for B,. (Greek indices 
will take the values I, IT and III). It may easily be checked that 


(1) 2,25, a Anes . 


This expression is a scalar. The lengths and angles of the « vectors » A 
and B° are therefore invariant under Lorentz transformations of A,,, and ie. 
It thus follows that to each Lorentz transformation of A,,,, there corresponds 
an ordinary rotation (three dimensional orthogonal transformation) of A ,. 

Indeed, it is easily found that if i 


#1 bas m n 
i Oe. 


mn 9 
it follows 
A =a À 
Hu HI 
where, ¢.9., 
2) VA Sea o Sd AO 
( Ay, = Ay Wy, — 05,08, + 103,05, — À, . 


One notes that der nb six 
È sa that the a”, have six arbitrary real components, while the a”, have 
iree arbitrary € 2x C : f 
ane ae ry complex components, as one should expect. It is easily found 
with th Of (2) È a real r 1 1 
e I of (2) that a real rotation in the II-III plane corresponds to the 
same real rotati in the : ‘ i | 
ae tation in a 23 plane, while a purely imaginary rotation in the 
. ane corresponds to a Minkowski i i Hi O 
sto: owski «rotation » in the 01 pl i 
ota ane. 
both operations commute. Le UE 


We shall later 1 
she need the four dimension: 3 5 
mensional analogs of the invariant tensors 


ò and Arai ì 
uv Nuvo OL the auxiliary three-dimensional space. The unit tensor 


defined, as usu: = Ò,, 18 
yas usual, by 4,9, — A,. There corresponds to it, in Minkowski 
y , 


space, a tensor 6 self-dual in 7 ‘ 
’ mnsty Self-dual in mn and ir 
) gli st and SVI tric . 4 
in init be, in st, and symmetric in (mn) <> (st). 
order to keep the analogy with equation (1), one wishes to have pete, 
, D a ) 


/ = let ries 
EL —= £9 mnszA™ , 
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whence it follows that 


(3) Oni: == GmsIni — ImiIns "a gÌ Mmnst Q 
We now turn to 7,,,, The vector product of A, and B, is 


(0 


o” = fresh ’ 
€.9:, 

ea > 
C; = Ay Pu AnPu à 


I 
It may easily be checked that this corresponds, in Minkowski space, to 
(4) Ok == HA n Bon rod Ay boa) . 


Obviously, Cn» is also self-dual. 


3. — Algebraic invariants of the Weyl tensor. 


Following GÉHÉNIAU and DEBEVER (7), we split the Riemann tensor Rynst 
into two algebraically independent parts, which are the Ricci tensor 


Kins Sa Lo: , 
and the Weyl tensor 


(5) So 3 Jigen, + L(Ims Rrit 3 Tatin = JmtRns Far Jr mt) $e 1 R(ImsInt — GmtYna)- 


The Weyl tensor has all the well known symmetries of the Riemann tensor, 
and further satisfies the ten identities S*mnx= 0. It follows that Rae and 


Sinnst each have ten independent components. 
From Syns+ one can construct the twice self-dual tensor 


(6) Qunst = À [Smnse + + 9*(Mmnaò SALSO i 49 Nace ee neast| ; 

to which there corresponds, in the three-dimensional auxiliary space, à sym- 
metrie tensor @,,, which satisfies 

(7) 0, = 0 

corresponding to the ten 


do thus has five independent complex components, 
independent real components Of Suns 


(7) J. GÉHÉNIAU and R. DEBEVER: Helv. Phys. Acta Suppl., 4, 101 (1956). 
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The problem now consists in finding à local Lorentz transformation (or, 
if one prefers, a suitable rotation of the local tetrad) such that Q, will take 
some canonical form. Such a problem is rather unfamiliar to the theoretical 
physicist, who is accustomed to deal with the diagonalization of hermitian 
matrices, while here Q,, is a compleæ-symmetrie matrix, and the allowed trans- 
formations are now complea-orthogonal, rather than unitary. 

The various cases which may occur have been classified by PETROV (*:°), 
according to the reducibility properties of @,,. 


Class I. The matrix @,, is completely diagonalizable. This is always the 
case if the three roots of the characteristic equation 


(8) C= 10, | Te 0 ? 
are different. 


With the help of (7), this may be written 


(9) A+ AZ OT20P 


we 


where 


ZERI 
7; ra N uro Nyor Q ns Q ’ 


is the cofactor of Qin and 


is the determinant of the @,,. 
With the help of (1) and (4), and of the symmetries of Q,ns:, one gets 


2, Es Zune ci HQ mas On È sai 0 Om 2) , 


whence 
(10) Li 27 = ro aap ee Die 5 mano Q'erm , 
and 
nl 
(11) Q oe ee elias == gs Quasi Oar JE ° 


Wane Petrov invariants are the real and imaginary parts of the roots of 
equation (9). Note that Z and Q are now written in an invariant fashion nt 
thus oe be comvoniel without the need of quasi-Galilean co-ordinates A in 
Petrov’s original work (8:9), or tetrads (*), or spinors (19). i 


. Z. Petrov: Ush. Zap. Kazan Gos. Uni 
fp 708. Umo., 114, 55 
. Z. Petrov: Izv. Vus. Ush. Zav., Math. 6. 2 a 


22 
10) L. Witten: Phys. Rev., 113, 357 (1959). me's 
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It thus follows from equation (9) that a given metric always belongs to the 
first class of Petrov’s classification if 


(12) (Q/2)? + (Z/3)* 40. 


We now turn to investigate the case where equation (12) is not fulfilled. 
Equation (9) then has two identical roots, which will be denoted by C: 


C = (0/9) = (2/3). 


By equation (7), the third root must be —2C. We first suppose that C + 0, 
and consider 
(13) P= (C0 Ô ww — Qu [30 5 


L 


The eigenvalues of P,, are 1, 0 and 0, and it is always possible to reduce Py 


to the form 
Il 0 
(Py = : 
11 = 
O 1K 


where K is a 2X 2 matrix, both invariants of which vanish. Such a matrix 


must have the form 
U + du 
K = ’ 
+ du —U 


where « is any complex number. Note that 
Ke 0. 


We must now distinguish between two cases. It may occur that w= 0. 
It then follows from (13) that @,, can be diagonalized, and thus belongs to 
the first class of Petrov’s classification (8°). A necessary and sufficient con- 
dition for this case to occur is that 


which is equivalent to 


O 


(14) + Once TRES ae COT Es seni 2 C2 OP na: U's 
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Class IT. If the latter criterion is not satisfied, the matrix K is irreducible 
and « may be given any arbitrary (non null) value by a suitable complex 
rotation in the II-III plane (i.e. by rotating the tetrad in the 01 and 23 planes). 
If the rotation angle is 0, w is multiplied by exp [+ 2101. The Weyl tensor 
then belongs to the second class of Petrov’s classification (8°). 

We have hitherto supposed that C40. If C=0, Q_, still belongs to the 
second class uf Petrov’s classification if, and only if, it is possible to bring Q wv 


to the form 
0 0 
= Ne 
0 K 


A necessary and sufficient condition for this case to occur is that 


OM Or 


py 
or 


(15) Omnad Gee ia 
Class IIT. If C=0 but the latter criterion is not satisfied, the matrix 


Q,, is completely irreducible, and can always be brought to the following canon- 
ical form (1): 


Vy = U 0 + du ; 


whence it follows that 


0,00 oc = 0 1 


(16) Oral VET =. 


The Wey] tensor then belongs to the third class of Petrov’s classification (8:2) 
As in the second class, w may be given any arbitrary (non null) value by a 
ane rotation in the I-ITI plane. However, if the angle of rotation È. 0 
u is now multiplied by exp [+ 10], rather than exp |- | | 


| 210], as previously. 


Class IV. For the sak 

: 3 sake of completeness 

Hnedapy 0. 02) (li. 1 Pieteness, we may add a fourth class, de- 
ee Ot -moreover, Rag = 0. son 

Pe he iO ee , Space-time is euclidean). However, 

his fourth class may also be considered as a further degeneracy of the de 

generate case of class I, defined by equation (14) i 


(11) F. R. GANTMACHER: Applications to th , 
seat) PI tons to the Theory of Matrices (New York, 1959), 
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4. — Extension to the Ricci tensor. 


If R,, 0, further invariants may be obtained by taking the physical 
components of this tensor, Several cases must be distinguished, according 
to the class of @Qmnst- 


Class I (non-degenerate case). The tetrad which diagonalizes be (hereafter 
referred to as the canonical tetrad) is uniquely and invariantly defined by the 
Weyl tensor. The physical components (55) of R,,,, with respect to the canon- 
ical tetrad, are therefore ten new invariants. One thus gets a total of fourteen 
algebraic invariants, as expected (7). 

Further invariants may be obtained by computing the physical compo- 
nents, with respect to the canonical tetrad, of the covariant derivatives of 
JE 


Class I (degenerate case). The canonical tetrad is only partially defined: 
it still may be arbitrarily rotated in the 01 and 23 planes. This degeneracy 
may be removed, ¢.g., by requiring that the submatrices 


Roo Ror [Ros Ry, 
A and B= 
Rio Ry Rs: Rss 


be diagonalized. Note that A and B are real symmetric matrices, but there 
is an important difference between them: while B has to be diagonalized by 
a rotation through a real angle (an operation which is always possible), A has 
to be diagonalized by a Lorentz transformation, which is equivalent to require 


: Roo “5% À Roi 
A 
= loto Er Ry 


to be diagonalized by a rotation through a pure imaginary angle. This is 


possible, however, if and only if 
* Ro # 3 (Roo n R,1) 2 


It follows that one must distinguish, within the degenerate case of Petrov’s 
class I, several subclasses according to whether A can be diagonalized or not, 
and to whether A’ and/or B eventually may already be multiples of the 


unit matrix, or even vanish. In such cases, one may further try to reduce the 


freedom of rotation of the canonical tetrad by imposing some condition on 
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the submatrix 


Roz, Ros 
C= 
Ry» Ris 


If this gives no result, one may try to impose some restrictions on the phy- 
sical components of the covariant derivatives of Rins:, ete. Obviously, there 
is no limit to the further refining of Petrov’s classification into narrower and 


narrower subclasses. 


Class IT. As in the degenerate case of class I, the canonical tetrad still 
may be arbitrarily rotated in the 01 and 23 planes, so that similar consider- 
ations apply also here. There is, however, an important difference. Let us 
suppose that 


+ Ro = 3 (Roo Ru) =v#0, 


so that it is impossible to diagonalize the submatrix 


il 0 v st 10 
L= A'— à (Roo Ry) FP 
Od + dv — V 


One sees, however, that L is proportional to the matrix K, defined in the 
previous section. Furthermore, L and K have the same transformation prop- 
erties under rotations in the 01 plane. It follows that |v/w| is an invariant. 
(Only the absolute value of this ratio is invariant, because a rotation in the 
23 plane multiplies « by exp[+ 270], but does not affect 0.) 

This interesting situation will now be illustrated by an example, based 
on a recent work of the author (12:15), Let us consider the metric 


(17) ds? — dt? — da? — dy? — dz? 2{(æ, y, 2 +t) dedt. 


The physical components of the Weyl and Ricei tensors are found to be (12,19) 


u —iw 0 
Ley — iu > gli 0 5 
0 0 0 


(12) A. PERES: Phys. Rev. Lett., 3, 571 (1959). 
(1°) A. Peres: Phys. Rev. 118, 1105 (1560) 
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and 
v 0 O — 
; 0 0 0 0 

R mn “i 4 
0 0 0 0 
— 10 0 0 — 
with 
de ix: A ae ; 
and 


i (+0? | iii Ia 


It follows from the above considerations that v/w is an invariant. This 
fact is here particularly interesting, because all fourteen Géhéniau-Debever 
invariants vanish for the metric (17). 

The existence of the invariant v/u could also have been directly seen from 
the equation 


(18) Rinn Ws = (ou) Renny le sta , 


which can easily be checked with the help of the formulae given in refer- 
ence (1%). The form of equation (18) shows that v/u is an algebraic function 
of the components of the Riemann tensor, but not an algebraic entire function, 
as the invariants of Géhéniau and Debever. 

Obviously, the occurrence of invariants such as |v/w| is rather exceptional, 
and it seems to be limited to pure radiation fields (14). Usually, it will then 
be possible to find additional similar invariants with the help of the covariant 
derivatives of the Riemann tensor. 


Class III. Considerations similar to the above also apply here. The only 
difference is that a rotation through an angle 0 now multiplies uw by exp [+ i0], 
rather than by exp[+ 2i0], so that now the new invariant, if it exists, is 


CA 


Class IV. As Weyl’s tensor vanishes, the canonical tetrad must be de- 


(14) L. Bex: Compt. Rend., 246, 3015 (1958). 
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termined by the properties of the Ricci tensor only. We write it as 


Roo Ca i Ro pò i Roo pr i Ros 
ni 4 Rio ve Ry ay Rio ee Ry; 
Ran" 
— ik, — ky — Rs — Rss 
TE i Riso = Rs aS R39 = Rss 


and make an attempt to diagonalize it by an orthogonal-complex transformation. 
Four cases have to be distinguished, which we briefly consider: 


Subclass IVa. R!, is completely diagonalizable. If it is non-degenerate, 
the canonical tetrad is thereby fixed. Otherwise, there remains some freedom 
which may perhaps be removed by considering the covariant derivatives 


CE 


Subclasses IVb and IVe. Ri, is partially diagonalizable, and can be brought 
to the form (1) 


A+u tw 0 0 
== vu A —% 0 0 

Ri 
0 0 B 0 
0 0 0 C 

or 

À + iu 0 0 
| + iu 7 uU 0 
0 w A 0 
0 0 0 B 


A, B and C are invariants, while w can be given any arbitrary real value. 
These subclasses are similar to Petrov’s classes II and ITI respectively. 


O 76 . : 4 
Subclass IVA. Rmn is completely irreducible. Its canonical form is Ga) 


A U im 0 

li = 2 | 
iu u A7 3 | 
0 — iu u A 


This is, however, impossible, if R,,, is real. This last subclass is therefore empty 


3270 


INVARIANTS OF GENERAL RELATIVITY - II 47 


APPENDIX 


In view of the results of Sect. 4, the question may be raised whether any 
non-flat metric has at least one invariant that can be constructed from the 
Riemann tensor. The answer is negative, as may be seen from the following 
example. Let us consider the metric (17) with f = 4(#? — y2). It follows that 
u=—1 and v=0. The invariant v/u= 0 is therefore valueless. 

We now turn to investigate the covariant derivatives of Rinnsiy OF, What 
amounts to the same, those of Q,,,.,. This task may be considerably simplified 
by noting that in this case one can write Q,,= Q,0, with Q, = (i, 1, 0). Thus 


; (6 Le = Onn (927 , 
with 


Il 

—1 0 0 —1 
0 
gl 


—i 0 


It is now sufficient to consider the covariant derivatives of Q,,. However, 
a straightforward computation gives @mn. = 0. Therefore, no invariant can 
be constructed from the Riemann tensor and its derivatives alone. The 
question of the existence of other kinds of invariants is still open. 


RLASS UNTO) 


Si generalizza la classificazione di Petrov dei puri campi gravitazionali al caso in 
cui si ha presenza di materia. Si mostra come gli invarianti di Petrov si possano cal- 
colare direttamente, cioè senza lo stadio intermedio delle coordinate (o tetradi, o spinori) 
quasi-Galileane, che era richiesto nel lavoro precedente. Si mostra inoltre che se alcuni 
degli invarianti di Géhéniau e Debever si annullano, è possibile talvolta trovare nuovi 
invarianti algebrici del tensore di Riemann, che sono indipendenti dagli invarianti di 
Géhéniau e Debever. Questo fatto è molto interessante nel caso in cui tutti gli inva- 
rianti di Géhéniau e Debever si annullano, come si mostra con un esempio. 


(*) Traduzione a cura della Redazione. 
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Imperfections, Lattice Constants and Densities 
of Cold-Drawn and of Recrystallized Aluminium Wires (°). 


M. E. STRAUMANIS and T. EJIMA 


Department of Metallurgy, University of Missouri 
School of Mines and Metallurgy, Rolla, Mo. 


(ricevuto il 5 Aprile 1960) 


Summary. — Aluminum contains in lesser or larger amounts excess 
atoms, depending on the kind of mechanical or thermal treatment and 
on the concentration of trace impurities. The number of excess atoms 
in a 99.9 % pure recrystallized Al wire is 18 per 10000 unit cells, and 
they may be a constituent of the denser segregations. The lattice con- 
stant of a cold drawn Al wire in the direction of its axis was slightly 
smaller (@»;—4.049 44) than that of the recrystallized wire (a,,— 4.049 47 A), 
but was larger in the transverse direction (4,,=4.049 63 A). The thermal 
expansion coefficient of the recrystallized wire («=22.9-10-°) between 
10 and 60°C did not differ (significantly) from that of the hard drawn 
wires. The density of the whole hard wire was d,,=2.7004 g/cm? (core 
— 2.6989), that of the recrystallized wire was smaller (2.699 3 g/cm?). 
The concentration of interstitials was largest in the outside layers of the 
wire (at least 4 atoms per 1000 unit cells or 1.5-10!3 atoms per cm?). 
Previous measurements, giving lower densities for cold worked metals, 
may be explained by the fact that crack and capillary formation during cold 
work frequently outbalance the effect of density increase due to increase of 
interstitial atom (blocking dislocation) concentration, created by the process 
of slipping and deformation. Strain hardening appears then as a con- 
sequence of the increasing number of interstitial atoms. The latter pro- 
cesses are in agreement with the theories as discussed by Scumip and 
Boas. From the density decrease of the hard wire (after heating) the 
volume of submicroscopic fissures per cm? was estimated: 10-4 cm?. They 
may be created by moving dislocations and vacancies (formation of dis- 
location cracks), during the deformation process. Only both, lattice 
constant and density measurements of the same material give a correct 
picture of conditions inside (in terms of n') of a deformed as well as of 
a recrystallized metal or another crystalline material. 


() Presented in part by M. E. STRAUMANIS at the University of Rome on April 14 


1958, under the title: Imvperfezioni D ee 

3 perfezioni nell’alluminio ricristalli 
j ; cristallizzato ; , 
ancrudimento. € e lavorato a freddo e 
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1. — Introduction. 


Although there is some experimental evidence that the density of cold 
worked metals is smaller than that of recrystallized ones (**), the question 
is still open because of the following reasons: 1) alredy TAMMANN (') stated 
that there are metals (Sn, Cu, Cd, Ag, Au) which show little or no decrease 
of density with cold work, and 2) it appears that the effect of density decrease 
depends upon the concentration of impurities in the respective metal, e.g., 
oxygen containing Cu exhibits a much larger decrease in density than the pure 
metal (3). This may be explained by the frequent increase of the brittleness of 
metals (because of presence of impurities), which under cold work may de- 
velop microscopic cracks (*), decreasing the density (°). It is probable that 
heat treatment closes the fissures (°°) and increases the density (5), as e.g. ob- 
served with nickel (%°). However, reports on precise density measurements 
are very rare in the literature. 

Aluminium showed one of the largest density decreases with cold work 
(up to 0.13%) (1); however at that time (1905, measurements by KAHLBAUM 
and assoc.) aluminium was not available in a degree of high purity. There- 
fore, the density measurements were repeated once more (with cold drawn 
and recrystallized wires), but simultaneously precise lattice parameter deter- 
minations were also made. These data give the advantage of estimating the 
perfection of the Al lattice, in a deformed as well as in a recrystallized state, 
in terms of the actual number of atoms n' per unit cell. n! then can be used 
to decide upon the processes occuring in the aluminium lattice during cold 


work. 


9, — Materials and methods. 


The wires were drawn from aluminium strips (1 x 1) mm? in cross-section, 
cut from a sheet (about 1 mm thick) received from the Aluminum Company 


Metallkunde, 4-th Ed. (Leipzig, 1932), p. 169-172. 


.g. in G. TAMMANN: Be 
Handbuch der Metallphysik (Leipzig, 1940), 
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2) W. C. BurGers, in G. MASING: 
vole so By Te IOI 


J. &. Smart, A. A. Smite and J. A. Pumuips: Am. Inst. M. M. Eng., 143, 272 


N. F. Mort: Proc. Roy. Soc., A 220, 1 (1953). 
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i) 
(5) A. N. Srron: Phil. Mag., 2, 1 (1957). 
(6) 12, 177, 181 (1956). 
(5 
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of America. According to the analysis supplied with the material; the metal 
(99.99% pure) contained (in % b.w.): Si-0.0015, Fe-0.0007, Cu-0.0004 and 
Mg-0.000 7. 

By drawing the strips through successive holes of a drawing plate (*), which 
was cooled with ice to avoid heating and recrystallization effects, wires of 
0.3mm in diameter (cold reduction over 90%) were finally obtained. They 
were stored under dry argon in a refrigerator below 0 °C. For density and 
always for lattice parameter determinations the wires were etched down with 
1 N hydrofluoric acid to a diameter of 0.10 to 0.15 mm in about 2 hours. Then 
the samples were treated with dilute hydrochloric acid, washed with water, 
dried in vacuum and inspected under a microscope for cleanliness of the surface. 

Some of the wires were recrystallized by heating them at 250, 300 and 
350°C for 15 min to 1h in vacuum. Then their diameter was reduced by 
etching. 

To determine the soundness of the lattice of the cold drawn and of the 
recrystallized aluminium, the number of atoms per unit cell, n’, rather than 
the atomic weight of the aluminium (1°), was calculated. The knowledge of n° 
as compared with » of the ideal lattice, reveals at once the kind of imper- 
fection present (if n'> n-interstitials, excess atoms, are predominant, if n' =» 
the lattice may be sound or ideal, and if n'< n-vacancies are predominant). 
Besides, n'—n gives the concentration of excess imperfections, in atoms or 
molecules, per unit cell. n' for aluminium was computed from lattice para- 
meter (v= a in À’) and density (d in g/em*) measurements from 


(1) n'=vdN,/A, 


where N, is the absolute Avogadro’s number [(6.024 03 + 0.000 25) - 1028 g mole 


chemical scale] (1412) and A the chemical or mass-spectroscope weight of alu- 
minium. 


The lattice constants were determined by the powder method with films 
in the asymmetric position (1215), gluing the thin wires mentioned above to 


(*) Plate F; Joubert, France. 


Si M: È: STRAUMANIS: Acta Oryst., 2, 83 (1949); Chimia, 12, 136 (1958). 
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(4) MANS and A. Inviy§: Die Prazisionsbestimmung von Gitterkonstanten 
nach der asymmetrischen Methode (Berlin, 1940) 


i . Partial translati MIRE More 
Dept. of Commerce, Washington 25, D.C. (1959). ST RS eae Si 
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726 (1949). 
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the tip of the sample holder of the powder camera 64 mm in diameter. To 
secure smooth diffraction lines especially of the recrystallized samples, they 
were not only rotated but also scanned (”) in the camera. Furthermore, to 
check the uniformity of the temperature expansion of the distorted aluminium 
lattice, and to observe whether it changes its dimensions as a result of recovery 
from the strained condition, powder patterns were made at constant temper- 
atures of the sample in the range between 10.0 to 60.0 °C in inerements of 
10.0 °C (12-14), starting with the lowest temperature of (10 + 0.02) °C. 

Two kinds of powder patterns with the hard wire were made: with the 
fiber axis (drawing direction) parallel and perpendicular to the axis of rota- 
tion of the sample. The latter kind pattern was obtained with samples pre- 
pared as follows: hard aluminium wires (0.3 mm in diameter) were drawn 
into slightly smaller holes drilled vertically in a thin cellophane sheet. The 
emerging ends of the wires on both sides of the sheet were cut-off with a sharp 
blade and then the sheet was slowly ground down on both sides with 3/0 emery 
paper, which was copiously impregnated with oil. With the sheet reduced 
to about 0.2 mm, the whole was etched with a 3 N HF solution for 15 min- 
utes. The acid attacked the exposed ends of the wire etching down the ~0.5 mm 
dises to a thickness of less than 0.12 mm. After dissolution of the cellophane 
in acetone, the tiny aluminum discs remained, one of which was glued to a 
glass hair mounted to the tip of a small goniometer head (17). In all cases 
Cu-radiation (AK a, = 1.537 395 X1.00202 A) was used, and the lattice constant 
was calculated from the last line 27 (333 x) ('8). This line is here insofar sig- 
nificant as slip during cold work occurs along the (111)-planes and thus the 
spacings between them (in terms of a-constants) parallel and perpendicular 
to the drawing direction could be directly measured. 

Only the refraction correction was applied (7%). Corrections for absorption, 
e.g. using the Nelson and Riley function (°°**), are unnecessary in case of thin 
samples and they were disregarded (??). Besides, all the samples had nearly 
the same diameters. 

For density determinations the very surface layer of the recrystallized 
and of the hard drawn wires was removed by slight etching in HF. Densities 
of the cores were found by etching the surface layer dewn up to a core of about 
0.10 mm in diameter. The determinations were made by a modified suspension 


(16) M. E. STRAUMANIS: Rev. Scient. Instr., 22, 843 (1951). mE; 

(7) M. E. STRAUMANIS and C. H. Cuenc: Inst. Metals, 88, 287 (1959-60). 

(18) M. E. STRAUMANIS: Zeits. f. Kristallogr., 104, 167, 173 (1942). 

(19) M. StRAUMANIS: Acta Oryst., 8, 654 (1955). 

(20) J. B. Nevson and D. F. RILEY: Proc. Phys. Soc., 57, 160 (1945). : : 
(21) L. V. AzArorr and M. J. Buercer: The Powder Method (New York, 1958), 


p. 231, 238. 
(22) M. E. STRAUMANIS: Journ. Appl. Phys., 30, 1965 (1959). 
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method (2%), using for that mixtures of heavy liquids, e.g. tetrabromoethane 
or bromoform with carbon tetrachloride or benzene. The density of such a 
liquid was determined (by weighing the pycnometer) in which the aluminium 
wire stood suspended for 10 minutes, as observed through an optical device. 
The temperature of the bath was controlled with a precision of + 0.01 °C; 
the temperature readings and the weighings were made with thermometers 
and weights calibrated by the U.S. Bureau of Standards. All the weighings 
were carried out in the same manner and were reduced to vacuum. 

The densities of the various samples differed only slightly, as did the lat- 
tice parameters measured. Therefore, to attain reliable results, a series of 
measurements for each determination was necessary. The final value was 
calculated by the method of least squares. In order to find whether a small 
difference is still significant, the standard deviation of the respective measure- 
ments was computed (24). In case of n’ calculation (eq. (1)) the accidental 
error due to error propagation was found from the equation (23:25) 


(2) An! [n' = + [(0N;/No)® + 3 a/a)? + (ed/d)? + (@A/A)}. 


D 


N,/N,, Cala ete., are the relative errors determined from the measurements 
of the respective quantities. 


3. — Results. 


31. Lattice parameter and soundness of recrystallized Al wires. — 

Lattice parameters. The recrystallization temperature of aluminium 
depends upon its purity (*). On our X-ray patterns the first signs of crystal- 
lization were observed with wires annealed above 175°. However, only wires 
annealed at 300°C for 15 minutes showed the most distinctive X-ray lines 
and a complete recrystallization (longer annealing gave spotty patterns). 

a Table I, the lattice parameters obtained at 6 different temperatures 
are given. They were reduced to a temperature of 25 °C, usine an expansion 
coefficient calculated from the average values of lattice Parana ue at various 


temperatures between 10 and 60°C. The refraction correction (7°) was added 
to the final 25°-value of the constant. 


I. E. STRAUMANIS: Amer. Mineralog., 38, 662 (1953) 
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TABLE I. — Lattice parameter of a recrystallized Al wire; each measurement is an average 
of 2 or 3 films; Cu-radiation; 333, line. 


Temp. in °C a; in kX Qo, in kX 
10.0 4.039 93 4.041 32 
20.0 4.040 73 19 
30.0 4.04178 32 
40.0 4.042 67 28 
50.0 4.043 54 LE 
60.0 4.044 55 31 

Ave. 4.04127 kX 
Refr. corr. 4 
4.04127 kX + 0.000 04 (*) 
or 4.04947 A 
(€) Standard deviation s=0.675 \/ZA*/(n —1). 


The expansion coefficient (x — 22.93-10-5) was calculated from 
(3) a = Aaja At, 


where Aa is the change of the parameter due to the temperature change Af. 
The lattice constant increases linearly in the temperature interval between 
10 and 60 °C without any detectable bend. The constant is smaller than that 
obtained with a still purer aluminium (99.998%, a — 4.049 61 A at 25°) (27-30) 
but agrees well with the constants of other investigators (91-32). 


Densities. Lattice constants can be measured easier and with much 
higher precision than densities. Therefore, in determining the latter greatest 
care was observed. At first it was found out qualitatively which of the wire, 
the recrystallized one or the cold drawn, is heavier. For this purpose short 
pieces (5-8 mm in length) of each kind of the wires were dropped in pairs 
into a test tube, located in a water thermostat supplied with an exact temper- 
ature controller (+ 0.01 °C). The tube contained the heavy liquid of a density 


Zeits. Physik. Chem., B 34, 402 (1936). 


(27) A. Ievinë and M. STRAUMANIS: 

(28) M. E. STRAUMANIS and T. Esra: Journ. Chem. Phys. 32, 629 (1960). 

(29) M. E. STRAUMANIS and T. Esta: Zeits. Physik. Chemie, 28, 440 (1960). 

(0) B. F. FiGGINs, G. 9. Jones and D. P. RILEY: Phil. Mag., 1, 747, 754 Tab. IIE 
(1956). | 

(31) E. R. Jerre and F. Foore: Journ. Chem. Phys., 3, 605 (1935). 

(32) A. J. C. WiLson: Proc. Phys. Soc., 53, 235 (1941). 

(33) H. J. Axon and W. Hume-RortHERY: Proc. Roy Soc., À 193, 1 (1948)- 
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nearly in between that of the two kinds of Al wires. By changing slightly 
the temperature, the density of the liquid was adjusted so exactly (it took 
several hours) that the wire pair became completely gravity separated or it 
was suspended in the liquid. The heavier, lighter and wires of equal weight 
were then registered (Table IT). 


TABLE II. — Comparison of densities of the cold drawn (de.a) an d of recrystallized parts (di) 
of the same wire. 


| 
No. of : | Wire dia = dy dead, Gre Gea 

wire | Cold drawn wire recrystallized at | in % mim O rn, 

pairs | 
10 Fresh (*) | 350°C 1 hour 30 30 50 
20 Old, 12 months on air (*) | 350°C 1 hour 25 45 30 
10 Fresh, in air | 350°C hour 40 40 20 
37 Fresh, kept in dry Ar 350°C 1 hour 43 41 16 
20 Fresh, kept in dry Ar 25080415 smi 70 30 — 

(*) Drawplate cooled with dry ice. 
| (**) Drawplate ice cooled or at room temperature. 


The last column of Table II shows clearly that recrystallized wires were 
heavier than cold drawn only then, if the drawing operation occured at low 
(dry ice) temperature, or when the cold drawn wires were stored on air for 
a long time. In all other cases the probability that a cold drawn wire piece 
were denser than a recrystallized one was larger. Having this unexpected 
qualitative result it was now essential to make the quantitative measurements. 

For this purpose wires were used which were annealed at 350 °C for one 
hour under vacuum. Densities of the whole (slightly etched) wire and of its 
core were determined. The same was done with cold drawn wires. The results 
of all density determinations are summarized in Table III. 

However, for the X-ray pictures the samples were annealed 15 min at 
300 °C. Im order to find whether the densities of such wires will agree with 
shore of Table III, density determinations with wires heated 15 min at 250 °C 
In vacuum were made and it was obtained do, = 2.6989 + 0.0005 as an 
average from 8 samples. This value agrees within the limits of error with that 
one. found for a wire heated at 350 °C for one hour (Table ITI). 

The densities of the recrystallized material closely agree with those ob- 


tained by SNOEK (8), if reduced to 25 °C. For instance his sample Bb, heated 
2h at 600°C, had a density of 2.6993 © 


aaa ee Tira {cm which is the same value as ob- 
ained by us for the whole recrystallized wir ae Ore 
le recrystallized wire, of for its inside (Table III). 


Higher densities obtained in the last decades for -cold- worked moe 
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or 


TaBLe III. — Densities of recrystallized and of cold drawn Al wires reduced to 25 °C in 
s/em3. Densities of the whole wire and of the core of the samples. 
Recrystallized wire Cold drawn wire 
Sample 
whole core whole | core 
1 2.698 0 2.6987 2.700 7 2.699 6 
2 81 88 5 7003 
3 74 86 4 6973 
4 99 92 5 697 1 
5 .700 2 86 3 7009 
6 7 97 | .699 8 699 7 
Ti 5 .700 3 700 5 
8 4 6956 
Aver. 2.699 2 2.699 3 2.700 4 2.6989 (*) 
JET) 0.000 9 0.000 5 0.000 2 | 0.001 5 
(*) A later series of measurements gave for density of the core the same value. 
(**) Most probable errors s. 


also reported e.g. by MATER (**) and by Lowry and PARKER (°°). ‘The latter 
found an expansion of cold worked metals if annealed at low temperatures. 
This agrees well with our own observations: going through a minimum (at 
250 °C) the densest Al was obtained heating it at 350 °C and it remained the 
same even when heated at 500 °C. 


Perfection of the 99.99% Al lattice. Now the soundness of the 
lattice of recrystallized aluminium can be determined, using eq. (1), t.e., by 
calculation of n’. It was found previously that aluminium contains interstitial 
atoms (148) but then older data for atomic weights and densities had been 
used. In Table IV some data obtained for n' from various combinations of 
newest Avogadro numbers, atomic weights for aluminium, lattice parameters 
and of densities are summarized. 

Table IV shows clearly that the lattice of recrystallized 99.99% aluminium 
wire contains excess atoms averaging n'— n= 0.0018/at unit cell, or about 
18 atoms per 10000 unit cells. Whether this result is real can be checked 
by estimating the error of the determination using for this purpose eq. (2), 
in which the relative errors were substituted by the values as follows: 
ON, |Ny = 496-107; dafa = 9.97-10-, ed/d =18.5-10-* and CAPA (eas 


(34) C. G. MAIER: Trans. AIME, 122, 121 (1936). 
(35) T. M. Lowry and R. G. PARKER: Journ. Chem. Soc. 


1018 (1915). 
(36) M. STRAUMANIS: Zeits. f. Phys., 49, 55 (1949). 


Tr., 107, 1005, 1013, 
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Taste IV. — Number of atoms n' per unit cell of recrystallized 99.99% AL computed from 
eq. (1). d and v at 25 HD 


n! calculated from 
| vd v'd vd’ 
NolA 4.002 10 4.001 80 4.000 63 
Nol As 4.001 73 4.001 42 4.000 24 
I 

NolAcn 4.001 87 4.001 57 4.000 40 
voa 4.001 49 4.001 19 4.000 02 
Aver. 4.001 80 

No = 6.024 03-1028 (11) 

No = 6.023 68-1078 (7) 


A» = 26.98 (*) 
A, = 26.982 56 (7) 

(*) The change of this weight due to presence of impurities is insignificant. | 
(4.049 47) A* (Table I) 

(4.049 36) A® (HILL and Axon) (8°) 

(4.049 61)5 A$ (27) 

2.6993 g/em* (Table III) 

2.698 01 g/em$ (87) 


sp 


v 


DANNI 


Then for An'= + 0.00083 is obtained, showing that the number of excess 
atoms calculated is well outside the limits of error. Thus, the lowest con- 
centration of excess atoms detectable by the method is about 8 Al atoms 
per 10000 unit cells. 

However, there are lattice constant measurements of purest aluminium by 
others, for instance, by HILL and Axon (3°), who obtained a much lower para- 
meter 4,,=4.04936 A, as compared with that of Table I. In Table IV, n’ 
oe v'd is computed for that case, but as a result there are still interstitials 
in the aluminium, exceeding well the error limit. SMAKULA, KALNAJS and SILS 
pe ured, with greatest care the density of single but ae aluminium i 
and obtained a very low value (37). n' (Table IV, under vd’) still exceeded 
tr 4.0000, though the deviation was already within the limits of eee Onl 
if it was assumed in the latter case that the lattice constant of the ESE 2e Be 
was lower or equal to that of Table I, n’ closely approached n mar 

All this leads to the statement that recrystallized An contains 
excess atoms in various concentrations, depending on the history of the treat ; ib 
of the metal and on its impurities. The perfection of the 3 f E Da a 
slowly cooled metal should approach the ideal state (29) DIR: a 


(37) A. SMAKULA, J. KALNAJS and V. Sr 955 
A, J. KALNAJS . SILS: Phys. Rev 

* | ys. Rev., 99, 1747 

(5) R. B. Hitt and H. J. Axon: Research Corr., 6, 235 (1953) i 
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behave similarly. The question next is the perfection of the lattice of cold 
worked aluminium. 


3.2. Lattice parameter and soundness of cold drawn Al wires. — Surprisingly 
the last doublet 333%, and x, of the fibre diagram, obtained from the core 
of the cold drawn wire, rotated around its axis, was sharp and uniform enough 
to make precision measurements of the lattice constant. This fact was already 
known previously and it was concluded that only a very little lattice distortion 
was produced by the deformation (3°). To reduce the rate of recovery of the 
hard wire, the lattice parameter determinations were started at 10°C. The 
results of the measurements are given in Table V. 


TABLE V. — Lattice parameter of the core of a cold drawn 99.99% aluminium wire, rotated 
around its aris. Averages of 2 films; Cu-radiation; 333«, line. 


Temperature Sample I Sample IT | Ugg 
in! °¢ a, in kX @, ID kX in kX | 
10.0 4.040 03 | 

20.0 4.040 98 | 4.040 94 | 4.041 41 
30.0 4.041 93 i 40 
40.0 4.042 72 | 4.042 73 | 47 
50.0 4.043 81 | 34 
60.0 4.044 63 | 4.044 60 | 51 
41 

| Aver. 4.04143 EX | 

Retr corn: 4 | 

| | 4.04147 kX (| 

| | + 0.000 04 | 

| | or 4.04963 À. | 


The expansion coefficient x = 22.86-10-5 was calculated from eq. (3) and 
was practically the same as obtained for the recrystallized wire. There was 
no bend in the straight lattice constant-temperature line, ad no change in the 
constant with time due to a possible recovery or recrystallization of the wire. 
A second sample showed exactly the same behavior (Table V). This is ina 
certain contradiction with the results of OWEN et al., who also found a con- 
siderable increase of the lattice parameter of compressed aluminum, but which, 
at room temperature, gradually returned nearly to the value of the aly: 
annealed material (*). The increase of the constant perpendicular to the wire 


(8) U. DEHLINGER: Zeits. Krist., 75, 241 (1930). 
(49) E. A. Owen, Y. H. Liv and D. P. Morris: Phil. Mag., (7) 39, 831 (1948). 
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fibre due to cold work is in agreement with the results of other authors 
(Woop (12), CRUSSARD (**), GREENOUGH (**)). 

The lattice parameter in the direction of the cold drawn aluminum wire 
was calculated from the X-ray pictures of the small discs rotating in the trans- 
verse direction. They exhibited only a very slight fibre structure (The 
parameter measurements are listed in Table VI. 


Tapip VI. — Lattice parameter of a cold drawn aluminum wire (dise) rotated perpendicular 
to axis of the wire. Averages of two films, Cu-radiation; 3332, line. 


Temperature at dog 

Tia SC in kX a in kX 

| 10.0 | 4.038 83 4.041 21 

| 20.0 | 4.040 75 4.041 21 

| 30.0 | 4.041 74 4.041 28 
40.0 : 4.042 64 4.041 26 

| 50.0 4.043 58 4.041 17 

| 60.0 4.044 39 4.041 17 

| Aver 4.041 24 

| Refr. corr. 4 

| 4.041 28 

| + 0.00003 kX 

| or 4.04944 A 


The thermal expansion coefficient of the plastically deformed metal in the 
direction of the wire axis was « = 22.77-10-*, which agrees with that of the 
recrystallized material (22.9-10-*) between 10 and 60 °C (**). The lattice 
constant in the same direction was slightly lower than that of the recrystal- 
lized material. 

. The Tables V and VI show clearly that the unit cell of the distorted alu- 
minum is less symmetric: it seems to be hexagonal (or tetragonal) with a larger 
d-value perpendicular to the surface of the wire C= 4.049 63 A) and a smal- 
ler one in the direction of the wire (a, = 4.049 44 A). Slip during wire draw- 
mg Qecdie along the (111)-planes and they are nearly parallel to the axis of 
the wire. These planes, however, are equivalent to the (0001)-planes of the 
close packed hexagonal lattice. Thus, having in mind that the volume of such 


S. L. SMITE and W. A. W Pr & 
SG: Woop: Proc. Roy. Soc. (Lond.), 182, 404 (1944). 


5S. BARRETT: Structure of 

E 5 Î Metals (New York, 1952 431 

C. Crussarp and F. AupERTIN: Rev. Metall., 46, 354 (1949) aga 

ND RD Progr. Metal Phys. 8, TOUR 160, 258 (1947) 

A. R. Rosenr 3 Sl 5 + 3 
ENFIELD and B. L. AverBACH: Journ. Appl. Phys., 47, 154 (1956). 
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a hexagonal unit cell is only half of the cubic cell, n' for a hexagonally distorted 
cubic cell can be calculated from Ay. = 2.86340 À (obtained from 4,) and 
Gy. = 4.67611 A (found from a,). The results are listed ins Tables VIL (sys 
A slightly lower number n’ was calculated for the core of the cold drawn wire 
than for the recrystallized aluminium (Table IV, second column). But the 
difference was within the limits of error (- 0.0008 at/unit cell) 


TABLE VII. — Number of atoms n' per unit cell of a cold drawn Al wire. 
N,=6.024 03-10? g mole and A,,=26.98. 


in mm 


in A’ 


- 
Diam. Vol. | d 


in g/em? 


n' 


in at/unit cell 


Core of wire | 


0.1 


33.203, 


2.698 9 


4.001 67 


0.28 33.203; 2.700 4 4.003 90 


The whole wire 


However, the cold drawn wire as a whole is denser than the core, meaning 
that the outside layer of the wire is heavier than 2.7004 g/cm?. Accordingly, 
fragments of the outside layers of the wire perpendicular to the surface showed 
an inclination for a larger lattice constant (a,, —4.049 64 À) than given in 
Table V. Under such conditions the number of interstitial atoms in the outside 
layer of the hard wire exceed 0.004 atoms per unit cell or 4 Al atoms per 
1000 cells (Table VII). This result, which is the first of its kind (4), shows 
that for the description of the state of a deformed lattice, single high precision 
density or lattice constant measurements are insufficient, but that both of them 
are necessary. 


4. — Discussion. 


The results of the present investigation allow one to make the following 
conclusions concerning the processes of wire drawing, slipping and strain 
hardening. 

It is well known that the slip plane of aluminium, as a face centered metal, 
is the (111)-plane. Consequently, if a wire is drawn from a piece of this metal, 
the [111] direction will run parallel to the wire axis (*°). Lamellae of the metal 
while the wire is drawn, rotate and slip along the (111)-planes so that finally 
these planes stretch themselves nearly parallel (cone fibre structure) to the 


(*) Dr. A. Niger (Zürich, E.T.H.) suggested a rhombohedral deformation of the 
cubic cell. However, the calculated number of atoms per unit cell was the same within 


the limits of error. By _ 
(4) A. L. TircHENER and M. B. Buver: Progr. Metal Phys., 7, 247, 322 (1958). 
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surface of the wire. The other (111)-planes of the same lamellae locate them- 
selves nearly perpendicular, but not oriented to each other, to the axis of the 


(i) 


Deformation 
deine n sa fn 


Fig. 1. 


— Arrangement of the slip lamellae or 


bands in the outside layer of a cold drawn Al 
wire. Blocking dislocations causing strain har- 
dening are created in and between the bands 


(slip lines are shown). 


wire. Slip between the lamel- 
lae continues only over a cer- 
tain distance and then strain 
hardening begins. Slip within 
the lamellae themselves may 
occur only to a limited ex- 
tent (47). The location of the 
lamellae in a 90% cold drawn 
wire is sketched in Fig. 1, and 
a work hardened crystal in 
Fig. 2. 

The increased density of the 
outer layers of the wire is, ac- 
cording to this investigation, 
a consequence of the increased 


concentration of interstitial atoms accompanied by the increase of the spacing 
between the (111)-planes (the increased a constant was calculated from the 


333-interference). These pheno- 
mena are explained by the slip 
along the (1i1)-planes and by 
the partial disintegration of single 
lattice planes causing strain hard- 
ening. According to SCHMIDT 
and Boas (48), and especially as 
pointed out by Boas (4°), hard- 
ening occurs due to the appear- 
ance of arresting or blocking dis- 
locations, being created by the 
deformation and slipping processes 
themselves. Evidently these dis- 


Fig. 2. — Section through a work 
hardened Al crystal. 
by slip. 


Deformation 
Interstitial atoms between 
the atomic planes. 


| 


[ui] Of wire 


contraction 


dilation 


wall of 


ful) ue slip 
es the wire 


ands ,. 
lin 


dilation 
of lattice 


slight contraction 
of lattice 


(4°) M. E. STRAUMANIS: Zeits. Kristallogr., (A) 83, 29 (1932). 


(48) E. Scumip and W. Boas: Kristallplastizitàt ( 


don, 1950). 


(59) W. Boas: Physics of Metals and Alloys ( 


Berlin, 1935); English ed. (Lon- 


New York, 1949), p. 131, 132. 
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locations appear between the gliding planes in form of interstitial atoms, 
as found by the X-ray and density method. The interstitials widen the dis- 
tance between (111)-planes, but not that in the direction of slip, although 
thin lamellae having an appreciably larger c-constant may also appear in the 
direction of the wire. As the blocking dislocations oppose the stress applied, 
the stress has to be increased to produce further slip. The increased stress 
in turn produces more blocking interstitial atoms, finally leading to stress 
hardening. It is assumed that the stress applied increases exponentially with 
the increase of concentration of interstitial atoms (blocking dislocations). 

The amount of such dislocations in a hard Al wire is not at all small 
(4 atoms per 1000 unit cells). Assuming a uniform distribution of dislocated 
atoms, their density 6 per cm? can be calculated: 


6 =[(n’—n)N,d/nA} . 


Substituting 0.004 for n'—n (Table VII), 6 =1.53-10'% atoms cm? is ob- 
tained. The estimated concentration of edge dislocations in deformed metals 
is about 101! cm-? (5°) (according to TAYLOR (5) 101? em-?), a figure which is 
not very far from 1.53-10!3, the density of blocking dislocations. However 
itis assumed that the former is produced by introducing edge dislocations which 
cause a decrease in density of the cold worked metal (558), while the dislocated 
atoms here are interstitials the concentration of which was computed from 
the inerease of experimental density and of lattice constant due to cold work. 

However, it is frequently found that the density of cold worked metals 
is lower than that of recrystallized material (1) (see also Table IT). This overall 
decrease in density can be explained by some secondary phenomena which 
undoubtedly occur during cold work, e.g. crack, capillary or fissure formation 
of even atomic dimensions, which overbalance the effect of density increase 
due to strain hardening (see Fig. 3). The evidence for crack formation in the 
present work is as follows: 1) wires produced with drawplates cooled with 
dry ice were less dense (crack formation because of increased brittleness of the 
Al); 2) cold drawn wires stored in a refrigerator became gradually less dense 
but not those kept under dry argon (widening of fissures due to corrosion attack 
—although not visible—by oxygen and moisture (54)); 3) the density of the 


(50) P. B. Hirscu: Progr. Metal Phys., 6, 236, 252, 292 (1956). See also various 
places in J. C. FISHER and Assoc.: Dislocations and Mechanical Properties of Crystals 
(New York, 1956). 

(51) G. I. TAyLOR: Proc. Roy. Soc., A 145, 362, 388 (1934). 

(52) A. Sepcer and P. HAASEN: Phil. Mag., (8), 3, 470 (1958). 

(55) W. M. Lomer: Phil. Mag., (8), 2, 1053 (1957). 

(54) See e.g. J. Harwoop in W. D. ROBERTSON: Stress 
Mork 1966) 708 Ge 


Corrosion Cracking (New 


Pa 
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cold worked Al decreased from 2.7004 to 2.6989 g cm * (at 25°C) when 
heated at 250 °C for 15 min (recovery of the strained metal, the dislocated atoms 
leave their interstitial positions, dilation), and increased up to 2.6992 when 
heated at 350 or 500 °C 
(closure of fissures). From 
these figures the decrease 
in fissure volume per 
em? can be calculated: 
(2.699 2 — 2698 9)/2.7 = 
= 1.110 *cm°;"hereuthe 
interstitials  outbalance 
the density decrease due 
to cracks. Crack forma- 


Fissure- - 


tion is also the reason why 

OO the core of an aluminium 
Raf wire of the present inves- 
tigation was less dense 


Fig. 3. — Scheme of a work hardened Al crystal (see (see Table IIT). TAMMANN 
Fig. 2). Interstitial atoms (double rings). Fissure. In- 
crease of average d-value in the direction [111]. 


has shown that fissures are 
present in recrystallized 
as well as in cold worked 
metals, the latter usually having a larger fissure volume (5). Woop described 
fatigue cracks (5%) and theoretical considerations concerning crack formation 
were advanced by Morr (4) and STROH (5). Cracks may be formed by vacancies 
which in turn may be created according to SEITZ (5°) together with interstitial 
atoms by moving dislocations (dislocation cracks) (58:59). The latter are intro- 


duced by mechanical deformation and the interstitial atoms produced block 
the slipping process. 


Whatever the reasons, cold worked aluminium consists of fibres of higher 


eet due to presence of interstitial atoms (corresponding to the w-phase of 
MATER (#4)) an acke or Meanpaa : 

| ! © of cracks or fissures, which may or may not, depending on 
VEDE obstacles, outbalance the density increase because of cold work. A 
picture of such a work hardened fragment of an Al crystal is shown in Fig. 3. 


In Fig. 3 the interstitial Al atoms forced into the lattice are drawn in à. 


smaller size, because these atoms might be par 


tial ge elv stri 
of the valence electrons. SE Orco DeL a 


Thus, being appreciably reduced in size they will 


ASS 
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cause a lesser distortion of the (111)-planes. The presence of such interstitial 
atoms, more resembling ions, should cause a slight change in the properties 
of cold worked metals. Indeed, it was especially emphasized by TAMMANN 
that cold worked metals have a greater hardness, a slightly different color, they 
exhibit a slight change in their electrochemical behavior, and show mostly an 
increased electrical resistance ete. (99). The possibility of appearance of inter- 
stitial atoms is also considered by other investigators, e.g. COTTRELL (91). 

As the wire drawing process involves some pressure which causes a number 
of atoms to go into interstitial positions, the electrical resistance of a wire 
should be less than of recrystallized material. This is because pressure usually 
decreases the resistance of metals (52). On the other hand elongation of the 
Al, which is also involved in wire drawing, increases its resistivity (9). 
Thus, the relationships are complicated. However, the recovery of a hard 
wire mostly accompanied by a decrease in electrical resistivity (9) occurs 
already at low temperatures (for an Al wire it is complete in 15 minutes at 
175 °C and even at lower temperatures). Therefore, the process of recovery 
should be simple: it merely consists in the return of dislocated interstitial atoms 
to their normal lattice positions. This events is facilitated by the increase of 
temperature and evidently occurs under release of energy. At still higher 
temperatures the microcraks start to close and recrystallization of Al begins (°°). 

The presence of excess atoms in recrystallized 99.99% Al can be explained 
by formation of segregations (?°), detectable according to CUFF and GRANT by 
electron microscopic observation (°°). 


The present investigation was sponsored by National Science Foundation 
under the contract 2099-g-2585. We are grateful to Dr. W. J. JAMES of the 
Department of Chemical Engineering of the School for his interest in the work 
and for assisting with the manuscript, and to Dr. C. H. CHENG for the lattice 
parameter measurements. 


(5°) See eg. G. Tamman and C. L. Witson: Zeits. anorg. allgem. Chem., 173, 156: 


1928 
i See e.g. W. M. LOMER: Progr. Metal Phys., 8, 255, 289 (1959). 
(62) A. W. Lawson: Progr. Metal Phys., 6, 1 (1956). 
() H. R. PFEIFFER: Journ. Appl. Phys., 29, 1581 (1958). #! 
(64) G. TAMMAN and M. STRAUMANIS: Zeils. anorg. allgem. Chem., 169, 365 (1928). 
(65) F. B. Curr and N. J. Grant: Journ. Inst. Metals, 87, 248 (1958-59). 
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RIASSUNTO (*) 


L’alluminio contiene atomi in eccesso in maggiore o minore quantità, in dipendenza 
del genere di trattamento termico o meccanico e della concentrazione delle tracce di 
impurità. Il numero di atomi in eccesso in un tilo di alluminio ricristallizzato puro 
al 99.9% è 18 su 10000 celle unitarie, e questi atomi possono essere un costituente 
delle aggregazioni più dense. La costante reticolare di un filo di alluminio tirato a freddo 
era in direzione del suo asse leggermente minore (x, = 4.0494 À) di quella di 
un filo ricristallizzato (x,,—4.049 47 A), ma in direzione trasversale era maggiore 
(x,=4.04963 A). Il coefficiente di dilatazione termica del filo ricristallizzato 
(x=22.9-10-) fra 10 e 16°C non differiva (in maniera significativa) da quello dei 
fili trafilati temperati. La densità complessiva del filo temperato era d,;=2.700 4 g/em® 
(strato centrale — 2.698 9), quella del filo ricristallizzato era minore (2.699 3 g/em*). La con- 
centrazione delle particelle interstiziali era maggiore negli strati esterni del filo (almeno 
4 atomi ogni 1000 celle unitarie o 1.5-10! atomi per em?). Le misure precedenti, che 
davano densità inferiori per i metalli lavorati a freddo, possono essere spiegate dal 
fatto che la fessurazione e la formazione di cavità capillari durante la lavorazione a 
freddo spesso equilibrano l’effetto dell'aumento di densità dovuto all’aumento della 
concentrazione di atomi interstiziali (blocking dislocation), creato dal processo di scorri- 
mento e deformazione. Lo « strain hardening » sembra dunque esser conseguenza del cre- 
scente numero di atomi interstiziali. Quest’ultimi processi sono in accordo con le teorie 
esposte da SCHMID e Boas. Dalla diminuizione di densità del filo temperato (in seguito 
a riscaldamento) si stimò il volume di fessure submicroscopiche per cm: 10-4 em. 
Queste possono essere create dallo spostarsi delle dislocazioni e vacanze (formazione 
di fessure per dislocazione) durante il processo di deformazione. Solo la costante 
reticolare e le misure di densità dello stesso materiale, danno un quadro corretto delle 
condizioni interne (in termini di »') di un metallo, od altro materiale cristallino, 
deformato oppure ricristallizzato. 


(*) Traduzione a cura della Redazione. 
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Die Gamma-Alpha-Reaktion bei Tellur. 


di IL lavi 


J. Stefan Institut - Ljubljana 


(ricevuto il 23 Aprile 1960) 


Zusammenfassung. — In mit Tellursäure getrinkter Emulsion von Ilford 
E-1/200 Platten, die mit Ea 33 MeV Bremsstrahlung bestrahlt wurden, 
wurden Spuren von Alphateilchen ausgemessen. Es zeigten sich hierbei 
unerwartet hohe Zahlen von Alphateilchen. Ferner wurden auch Win- 
kelabhängigkeiten der Orientierung der Spuren bestimmt und mit Mes- 
sungen bei anderen Elementen verglichen. 


Von einer Ilford E-1/200 Platte wurde die Emulsion in Form zweier Stege 
einer Breite von ca 2.5 mm entfernt. Auf einem der beiden äuferen Teile der 
Emulsion wurde etwas Thoriumnitratlôsung (P.H. 4) aufgetrocknet und auf dem 
anderen äufBeren Teil 1 em einer Lésung von Tellursäure (P. H. 4), so daB 3.5 10° 


 Tellurkerne auf einen cm? kamen. Der mittlere Teil der Platte blieb unprà- 


pariert. Die Platte wurde senkrecht mit 12.3 Rg/cm? Betatron-Gammastrahlen 
aus einer Entfernung von 360 cm bestrahlt, E, 33 MeV und entwickelt. 

Um die Platte zu eichen, wurden zuerst 60 Spuren von Alphateilchen des 
mit Thorium präparierten Teils nach ihren horizontalen und vertikalen Ko- 
ordinaten mikroskopisch (N.A. 1.25; 10011) ausgemessen und ihre wirkli- 
chen Längen c sowie ihre wirklichen Winkeln 9 in Bezug auf die Plattenebene 
gerechnet, die in einem e- Diagramm eingezeichnet wurden. 

Nach der Formel 

e*? = (1+ K? te? 0)/(1 + te? 9), 

K ist der Schrumpfiaktor der Emulsion und c* die ursprüngliche Spurenlänge, 
wurde ein neues Koordinatensystem eingepaft, nach dem die Stelle des GauB- 


verteilungsmaximums der Thoriumalphateilchenspuren mit 15+ 1.6(- 0.31) um 
beziehungsweise 3.95 + 0.34(-- 0.064) MeV bestimmt wurde. 


5 - Il Nuovo Cimento. 
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Die urspriinglichen Winkel 0 wurden nicht nach der Formel 
tg o* = K tg? 


bestimmt, sondern nachtraglich empirisch in das Koordinatensystem c*, 9* 
eigenpaBt, wobei vorausgesetzt wurde, daB die Spuren urspriinglich beliebig 
orientiert waren. (Es wurden die wahrscheinlichen Spurenzahlen zwischen den 
einzelnen Winkeln gerechnet, an den entsprechenden Stellen die Ordinaten 
eingezeichnet und etwas geglättet.) Diese so gefundenen Winkel 0 stellen 
gegenüber den Winkeln ÿ* eine Verbesserung dar, da durch sie, eine gewisse 
Bevorzugung von Winkeln um 45° in der Emulsion — wohl wegen den plastischen 
Deformationen beim trocknen —nachkorrigiert werden konnte. 

Danach wurden abwechselnd in dem mit Tellur und dem unpraparierten 
Teil der Platte Streifen einer Lange von 1.5 cm und einer Breite von 0.0095 cm 
auf Spuren von Alphateilchen durchgesehen und diese ausgemessen, sowie 
schlieBlich gemäf obiger Hichung deren ursprüngliche Linge und Orientierung 
bestimmt. Insgesammt wurden 16 und 16 solche Streifen durchgesehen, wobei 
sich für die präparierten (Tellur) und unpräparierten (Emulsion) Plattenteile, 
folgende Statistik in Bezug auf die Spurenlänge c* ergab. (Siehe Tabelle I). 

Im Gebiete zwischen 40 und 100 um zeigt diese Statistik bedeutsame Dif- 
ferenzen. Um die ineinandergreifenden Teile auseinanderzulésen wurden in 

einem e*-0 Diagramm die beziglichen Punkte 
Br tà eingezeichnet und immer dann ein Punkt des 
i Te-Gebiets weggestrichen, wenn in seiner Nahe 
ein Punkt des Em-Gebiets lag. 

Für das Gebiet zwischen 40 und 80 um 
wurde aus den dazugehérigen Punkten des 
Em-Gebiets und den durch sie weggestri- 
chenen Punkten des Te-Gebiets ein Histo- 
gramm Abb. la. gezeichnet, das sich einer 
Gaufschen Verteilung mit einer Wahrschein- 
lichkeit p von 30% (nach der x? Methode 
gerechnet) anschlieBt; das Maximum liegt 
bei 57 411.5 (+1.78) wm beziehungsweise 
bei 10 + 1.28 (+: 0.2) MeV: die erste Toleranz 
gilt für die GauB’sche Verteilung, die zweite 
in der Klammer für den Mittelwert. ERDOS, 
Sla : SCHERRER und STOLL (1) haben unter ähn- 
0 30 60 90 120 150 180° lichen Umständen ein Histogramm  erhal- 


79 -- 81 : 
Abb. 1. von “Br zuschreiben. Die Spitze der 


(*) P. Erpòs, P. SOHERRER und P. SroLL: Hel». Phys. Acta, 30, 683 (1957) 


3290 


ten, das sie der Gamma-Alpha Reaktion. 


DIE GAMMA-ALPHA-REAKTION BEI TELLUR 67 


TABELLE I. 


Spurenlingen | 
c*um 


Spurenzahlen 


Em | Te 


Differenzen 
und Toleranzen 


100 
110 
120 
140 
160 
180 
200 
220 
240 
260 
280 
300 
320 
340 
360 
380 
400 


Noobs = 
fps LES ES ET 

Ï T T T 
Qt © 1 vw 
D Pr © © 


bei OO OO MN OO m0 © S N KRW OW 
Se OOF DD H O D © Hi i W ND Et © 


Summen 


bo 
© 
© 


142 


58 +18.5 


ihrem Histogram zuzuordnenden Gauf’schen Verteilung liegt Do Do EAT 
(+ 0.15) MeV. Der Unterschied der Toleranzen 1.28 und 1.7 hangt melon 
mit der, bei diesen Untersuchungen verwendeten besonderen CHE 
zusammen. Rechnet man nach der Tabelle von ERDÒS, ORDRES ue IL 
(S. 685) die voraussichtliche Zahl der Alphateilchenspuren, so CHERE sich hier 
33 +13, was mit der vorgefundenen Zahl 41 + sE gut Di pratica iat a 
gibt ein Histogramm für die dazugehôrige Mo die SOR Ù 
Linie gilt für eine zufällige Winkelverteilung und te % ist die W ae 
scheinlichkeit dafür, daB die vorgefundene Winkelverteilung nach dem Histo- 


gramm eine zufallige ist. 
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Nach der gleichen Tabelle von ERDÔS, SCHERRER und STOLL, waren im hier 
durchgesehenen Gebiet 18 Sterne der Gamma-Alpha Reaktion bei !°C zu er- 
warten gewesen; vorgefunden wurden 11 + 3.3 in môglicher Übereinstimmung. 

Abb. 2 gibt Histogramme für das Gebiet der statistisch bedeutsamen Dif- 
ferenzen, die Gamma-Alpha Reaktionen beim Tellur zugeschrieben werden 
sollten. Rechnet man hier aus der Spurenzabl 52, der Zahl der Tellurkerne/em? 

und der Intensitàt der Bestrahlung, die 


Zahl der Alphaspuren/MolRg aus, dann 


Te L : 
ergibt sich der ganz unerwartet hohe 
Wert von 3.2 + 0.45-10°. Charakteristische 
(0) 2 pe ‘ 
? Spurenlängen und bevorzugte Winkel sind 
abzulesen. Für die gestrichelten Linien 
80 - 1504 
8 10 12 14 MeV 
b) 


@ 20) (aa) Xe 120 150 180° 2 = 
y T T, dii 
B95 — 100, —_—__150u 
13 15 17 MeV 
50 - 1001 
n ©) n 
5 RO, p=0.8% 
p=1.8%o 
pe A x BEN S 
P_i = si 
fe ai Jqe DE 
_30 60 SO 120 150 180 0 30 60 90 120 150 180° 
Va 3 
Abb. 2. Abb. 3 


und die p-Werte gilt das Gleiche wie beim Brom. Wichtig scheint ferner fiir 
die Beurteilung, da8 die hier auftretenden Energien der Alphateilchen ge 
nügend weit von jeder natürlichen Zerfallsenergie liegen. | | i 
In Abb. 3 sind noch die Histogramme fiir das Gebiet von 80 bis 150 

gegeben. Das Gebiet über 150 um zeigt fast nur Winkel um 90° 2 i Ne; 
gehôren die beiden Maxima bei 235 und 290 um also ca 24 und 27 M 2 = È 
Riesenresonanz an (10?). Das Gebiet von 80 big 150 um labt ca i 
dem ®Br zuordnen, da es in gewisser Übereinstimmune a a Aad 

8 Messungen 
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von TAYLOR und HASLAM (?) steht, wenn man hier 5.5 MeV als Energiedif- 
ferenz des Alphateilchens gegenüber der Umgebung beriicksichtigt. (Siehe 
auch ERDOS, SCHERRER und STOLL, 8. 682). 

Die Unerwartet hohe Teilchenzahl bei der Te(«, y)Sn Reaktion lift ver- 
muten, da® es sich hier vielleicht wie beim Nd (*) um eine gewisse Sonderung 
der Bindung des Alphateilchens gegeniiber einem Restkern mit 50 Protonen 
oder beim Nd von 82 Neutronen handelt. Die Coulomb’sche Barriere, sollte 
nach den Angaben von IGo (4) bei ev. nur geringer Auflockerung, geniigend 
schmal für das Austreten von Alphateilchen sein, Ein AnschluB an eine der 
bestehenden Theorien wie die von COURANT (5) konnte nicht gefunden werden, 

Neben statistisch bedeutsamen Differenzen fiir die Spurenzahlen der Alpha- 
teilchen wurden auch statistisch bedeutsame Differenzen von Spurenzahlen von 
Deuteronen, jedoch nicht für Protonen gefunden. 

Eine gewisse Ahnlichkeit mit Energie und Winkelverteilungen obiger Histo- 
gramme besteht mit denen, die für Gamma-Alpha Reaktionen bei 'C gefunden 
wurden (5°). 

Es ist beabsichtigt zu versuchen, durch weitere Untersuchungen die hier 
vorgefundenen hohen Absorptionsquerschnitte beim Tellur zu sichern. 


Das Präparieren der Platten, sowie die Messungen wurden von Fraulein 
M. Mopesto durchgeführt, die Bestrahlung mit dem Betatron des Instituts 
von Herrn Dipl. Ing. Z. MILAVEC. 


(2) I. G. V. TayLoR und R. N. H. Hascram: Phys. Rev., 87, 1138 (1952). 
(3) F. I. HAVLICEK: Nuovo Cimento, 13, 969 (1959). 

(4) G. Ico: Phys. Rev., 115, 1665 (1959). 

(5) E. D. Courant: Phys. Rev., 82, 703 (1951). 
($) F. I. HavLI6EK und B. DoBovisEK: Phys. Rev., 100, 1355 (1955). 

(7) F. I. HavLIéEK and B. DoBoviSEK: Rep. Inst. J. Stefan, 2, 73 (1955). 


RIASSUNTO (*) 


In emulsioni Ilford E-1/2000 imbevute di acido tellurico e irradiate da bremsstrahlung 
di Ex = 33 MeV si sono misurate le tracce delle particelle alfa. Si riscontrarono quan- 
tità inaspettatamente elevate di alfa. Inoltre, si sono determinate anche le dipendenze 
dell’orientamento delle tracce dagli angoli d’incidenza e si sono confrontate con misure 


eseguite su altri elementi. 


(*) Traduzione a cura della Redazione. 
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Graphical Analysis of Infrared Divergences Gye 


S. OKUBO 


Istituto di Fisica Teorica dell Universita - Napoli 
Istituto Nazionale di Fisica Nucleare - Sottosezione di Napoli 


(ricevuto il 4 Maggio 1960) 


Summary. — By the graphical method, it has been proved that all infrared 
divergences in the quantum electro-dynamics can be summed up into 
a simple form, and the result is a generalization of the classical Bloch- 
Nordsieck formula. 


1. — Introduction. 


It is well known that the infrared divergences in the quantum electro- 
dynamics are cancelled by soft-photon emissions. This has been proved by 
several authors (') in any orders in the perturbation expansions with respect 
to the coupling constants, though not completely satisfactorily. However, this 
simple cancellation is not sufficient practically; since then, the resulting finite 
cross-section contains still a term proportional to log AZ (where AF is the 
energy-loss), and as the result, it gives a divergent contribution for AE — 0. 
SCWHINGER (?) made a conjecture that this defect might be due to the failure 
of the perturbation calculation and the correct answer would be of the form 
exp [a log AE], which goes to zero for AE +0. This conjecture of Schwinger 


has been subsequently proved by YENNIE and SUURA (*). Recently, we have 


(0) The research reported in this document has been sponsored in part by the 
office chief of Research and Development, U.S. Department of the Army ss it 
European office under contract no. DA-91-591-EUC-1096 i ee 

(1) See e.g. J. M. JAUCH and F. RonRLICH: Helv ee 
Theory of Photons and Electrons avido wo ee mee e Si ie cs 

(2) J. SCHWINGER: Phys. Rev., 76, 790 (1949) me Kay 

(?) D. R. YENNIE and H. Suura: Phys. Rev., 105, 1378 (1957) 
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proved (*) the same result more rigorously. (Hereafter, we refer it as I). The 
important point is that all contributions from the infrared divergences can 
be summed up into a simple form, which is a generalization of the classical 
Bloch-Nordsieck formula (°). These papers (#4) quoted in the above make use 
of differential equations with respect to the cut-off or coupling constant. As 
to the result, it is not so clear to see directly what kinds of Feynman diagrams 
have to be summed up and how the summation becomes so feasible to give 
such a simple formula. The purpose of this note is to show how the direct 
summation of Feynman diagrams giving the infrared divergences can be per- 
formed and how we get the generalization of the Bloch-Nordsieck formula. 
This not only is useful for practical calculations, but will also help to a better 
understanding of the problem. Especially, it would be interesting to compare 
the technique used here with the previous one (1). 


2. — Analysis of infrared divergences. 


Here, we restrict ourselves to the scattering problem of one electron by 
the external Coulomb potential with radiative corrections. Extensions to the 
other cases like the electron-electron scattering treated previously (*) are 
straightforward, though a little 
more complicated. I 

First in this section, we con- 
sider the scattering without soft- 
photon emission. Roughly speak- x 
ing, the infrared divergences are \ 
phenomena of the outermost re- 
gion of the electron-structure, / 
whereas the ultraviolet diver- 4 
gences are phenomena of the 2 
innermost. 

Typical diagrams giving rise 
to the infrared divergences are 
illustrated in Fig. 1, where p and 
q are the incoming and outgoing 
four momenta for the electron, respectively, k, k' and k" are soft-photon lines to 
cause the divergences, and M is the region in which the external Coulomb poten- 


ZI 


Fig. 1. 


(4) R. E. CaranIELLO and 8. OKUBO: to be published in Nuovo Cimento (hereafter, 


referred to as I). 
(3) F. BLoca and A. NORDSIECK: Phys. 


M. Frerz: Nuovo Cimento, 15, 16 (1938). 


Rev., 52, 54 (1937); W. PAULI and 
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tial or hard photons (real or virtual) 


S. OKUBO 


interact with the electron so that there will 


be no contributions for the infrared divergences from this part. It should be noted 


that we are not necessarily 


X| 


= 
De 
= SS 
re x NI 
_ > SS N 
ie EIN 
aa es te COON 


taking into account vacuum polarization corrections 
for soft photon lines, since they will not give any 
infrared troubles except for the charge renormali- 
zation, and hence they will be included into the 
region M, provided that we use the renormalized 
charge for the coupling constants anywhere. The 
most general diagrams in which the infrared 
divergences can happen are the following ones 
depicted in Fig. 2, where the meanings of 9, 
q and M are the same as in Fig. 1, and the box 
S simply serves to mix and combine together 2/--” 
soft-photon lines k,... ky+2; from the outgoing elec- 
tron line and 2m+n lines ky... kniom from the in- 


ISO Coming electron line to form all possible Feynman 
ELI diagrams of the type of Fig. 1. Some of the 2/ mo- 
Le Lan 4 menta out of k,...%,:,, and some of the 2m mo- 
SD ries menta out of ky... kyism have to be coupled di- 
Agr rectly among themselves, respectively, so as to 
| make the vertex corrections, where as the remain- 
2 ing n-momenta from k, ... k,4,, have to be coupled 
Fig. 2 directly to the other 7 momenta from ky AcE: ene 
So, we must have relations like 
I if 
k = Ris wey ky = kn, Finta ore Kn+e y sey Kn+21-1 =a Kntar 
bot = Ro a hoe = — kee , 


Now accordi j shnique used i 
Arc ine to the technique used in I, we decompose the photon Green’s 
function D, into two parts 


(1) 


where 


DP (a — y) = 


— À 


da 
I 


\k|<E 


D(x = y) = De ab D® 


i) 


VE 


; 2 È ; 1 + 
i g fe k pr [io-Ka—y)], 


; 1 
oi feos eae exp [ik(x — y)] + 


|k|>x 


il 
(Uh | ; 
dik k? — ie (e xp [ik (7 — y)] — 0° exp Liok(æ n Y)]) 


ta ni 
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In eq. (2), K is an arbitrary positive low-photon cut-off and we take it to be 
sufficiently small for the sake of the next section. The limiting device 9 — 0 
picks automatically up all the infrared divergences. In the Fig. 2, the re- 
gion M consists essentially of the contributions from D®, the external Coulomb 
potential and hard real Paovous if any, whereas the divergent parts due to 
lines Le, Ky, -.., knits, and k he are those from the D} part of D”. Now, it 
must be understood here that we take the same o for all D, functions oe 
bring o > 0 simultaneously, after the co-ordinate integrations are performed (*). 
This procedure 9 — 0 with the same o for all D, functions is a particular case 
of the previous work ({). 

Elementary computation easily shows then that the scattering matrix ele- 
ment M(p, q) will take the following form (°) 


(3) MRI ee te LED, G) Leen 


0n=0 


~ 
Il 
=} 


= Wi T+m+n 
(4) Jima | : | AUTRE 


(2x)° 
fac i | 
td kim (dAa)(QEs + do) ++. (Ch + Qha + + + Qlinsei) 


1 
(pky)(pky + pkg) … (pki + Dha +... + Phiram) ? 


where the ser als have to be performed with respect to 11 m+ n independent 


momenta eae iON MOL in cs tan Kas eos por restricted in the region 


|k|< K. and the summation over S means to sum up for all possible per- 
mutations among ki, ..., Kutors ki, dr Scali which are allowed by the Feyn- 
man rule. M, is the contribution from M, which is free from the infrared 


divergence. 
Now, note the following identity (’) 


1 Roa ey al 


o 


n a = 
6) eZ (Gy + 42)(41 + de + Gs) vee (Oa gat ce An) A, 4, 43 Un 


(*) Note added in proof. - Actually, this assumption to take the same for all D, 
is unnecessary. The final result is independent of a particular limiting process, as on 
be proved without any changes in the present proof. 

(6) For a simple case, see reference (Co 

(7) S. N. Gupra: Phys. Rev., 98, 1507 (1955); 99, 1015 (1955). 
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where we take all possible permutations. Then, the integrand of the right- 
hand side of eq. (4) will become 


1 to a ical bat ere 
are bi IDA (qk) | RTL) (pla) Di (Pure) 


(6) 


However, by this procedure, we are summing up the same Feynman diagrams 
more than once. This number of redundancy is easily computed to give 


(7) nillem!-24+, 


So, we must divide eq. (6) by this factor, and furthermore, remembering that, 
according to the conservation of momentum, we must have identities like 


I 
ky = ki, tery Kn = Kn 5 Ent cir Kinte » DODO Entei ui Kntol : 


! td ! ! 
Kat SA Kyo pi Door) Kintom—1 ste Kn+am ° 


Thus, finally, eq. (4) will become 


(2 ae da 4 1 ‘i 4 i 
(8) Lee = (-5 J) (=F aaa) SI) uni Î . 
where 
— 22 : 1 il Hi 
(9) ahd ye dtk Ê Ê : 
#5 Baye PV pe) GE) 
|k| <x 


Thus, inserting eqs. (8) and (9) into eq. (3), we have 


(10) A mpg) M.(p, 9) exp [— +f], 
eo 2e = mori [ati LA (aL ‘di 
Ge k®?—te\(p-k) (gd-k)) ~ 
<K 


So, all divergent parts are summed up to give the exponential factor. This 
agrees with the previous calculations (34). We must note that we are per 


forming a kind of a limiting process for 
g ‘ the explicit self-energy diagram 
order to avoid the direct trouble. a re 
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=1 


ot 


q 
A 
3. — Soft-photon emission. sk 
NA ki 
PS 
N SI IE D ke 
In this section, we consider the soft-photon emissions. de 

At first sight, it appears that there may be interferences E cai 
between the real and virtual soft photons. However, we kx 
will prove shortly that this is not the case. Now, let us Ui; D 
pick up a real soft photon emitted with small momentum M 4, 
k and consider the possible interference effects with other 1 


small momenta k,,..., ky, which may be real or virtual 
(see Fig. 3). If we fix the position of the lines k,, ..., k, but ie 
vary the position of the line k in all possible ways, then iz 
the infrared divergent parts can be separated out as im 
follows, similarly to the previous section, F 

À 


N [na il N il P 
Pire . - -—_ _-____|, ig» 
( Li 2 qui (qk,)+... dl II (dk) + Fast) Fig. ok 
Now, we note the following identity which is a certain generalization of eq. (5) 


sen ae BI eo il 
i i ) > a fie Am Alora SRO dai uv 


so that we have 


iE al ] il 


SI en i 
Ta, 0 Ap a,+...+ Ay 


1 al | il il 
(dk) (qha) (dks) + (@k2) (G1) + (ga) +. + (Qky)” 


(14) fie: 


which shows that there is no interference between the soft photons k and 
ky, ke, …, ky. Actually, this technique can be also applicable for the preceding 
section. This independence of soft-photon emissions from each other is essen- 
tial for the Bloch-Nordsieck formula, as we will see shortly. The necessity 
of the proof of no-interferences seems to have been overlooked by many in- 
vestigators except by YENNIE and SUURA (*), though their method is not so 
clear either. Eq. (14) implies that the matrix element for n soft photons emis- 
sion with momentum k,...k, is reduced (*) to 


Pi. ve A Il i (Pre) arf? ri cha) 
x() eh) (at (260 | (p-kx)  (g-k) GA | 


where e is the polarization vector. So that, by induction, we have 


: meta lar a ap Me sd), 
(15) M | q | ki eee . cn more LI Guy (p-k;) (g°k;) 1 


which corresponds to eq. (26) of I. 
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The rest is the same as in I, and we simply sketch the result. When we 
neglect the energies of soft photons, though incorrectly, then the cross-section 
for the n soft photons emission is given by the Poisson distribution of Bloch- 
Nordsieck (°) È 


fan TO Oc, 
ie 


where f is given by eq. (11) and co, is finite, so that 


(17) Oma =D dp Oe RO 


n=0 


More realistically, when we take account of the energies of the soft photons, 
then instead of eq. (17), we have 


AE 
(18) Otota( AE) == F(B): exp [ log = ? 


where AE is the energy loss of the electron due to the soft photon emissions, and 


se À? ‘ 7] righ ; 
(19) p= sap | 12 On È Go ali = finite 


and 


0 5? 
LO 


Eq. (18) goes to zero for AE + 0, which justifies the conjecture by SCHWINGER, 
Stated in the Introduction. 


The author would like to express his gratitude to Professor B. R. CATANTELLO 
for his suggestions and encouragements. He is also grateful for Professor M. 


Lévy for the kind hospitality at the Ecole Normale Supérieure where a part 
of this work was done, 


RIASSUNTO (’) 


È, | x a 
Lo di metodo grafico è stato dimostrato che tutte le divergenze infrarosse nella, 
elettrodinamica quantistica possono essere condensate in una forma semplice, risul- 
tandone una generalizzazione della formula élassie a di Bloch-Nordsiecl i 
PEM NL KK 


(*) Traduzione a cura della Redazione. 


3300 


IL NUOVO CIMENTO Wo WMG IN, al 1° Ottobre 1960 


On the Theory of Classical Fluids (*). 


L. VERLET 


Laboratoire de Physique Théorique et Hautes Energies, Faculté des Sciences - Orsay 


(ricevuto il 6 Maggio 1960) 


Résumé. — On montre que la sommation d’une large class de dia- 
grammes dans un développement du type «cluster» permet l’établisse- 
ment d’une équation intégrale pour la fonction de corrélation dans les 
fluides classiques. Aprés une approximation, cette équation se réduit a 
celle de Born, Green et Kirkwood, et elle reproduit plus exactement que 
celle-ci les coefficients du viriel. On donne les termes correctifs, de plus 
en plus compliqués, qui permettent de rendre exacte notre équation. 
On calcule enfin la fonction de corrélation à trois corps, qui, introduite 
dans l’équation d’Yvon-Born-Green, permet de calculer la fonction de 
corrélation à deux corps. On confirme ainsi le calcul direct de cette 
fonction, et on montre que notre équation intégrale inclut des corrections 
à l’approximation de superposition. 


1. — Introduction (**). 


The purpose of this paper is to determine the radial distribution function 
s(r) for classical fluids. Knowing this function, the thermodynamical proper- 
ties of homogeneous fluids in equilibrium can be deduced. In particular 
through the use of the virial theorem, the equation of state is obtained 


po Do FORTE 
Li a oe gir fe) Rita 


(*) Supported in part by the United States Air Force through the European Office, 


Air Research and Development Command. ; 
(**) At the moment when this paper was ready to be sent, Prof. Yvon kindly com- 


municated us preprints of a work due to Dr. E. Merron which is in many points 


similar to the present paper. 
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where p is the pressure, o the density (9 = N/V), K the Boltzmann’s con- 
stant, T the absolute temperature. We shall limit ourselves to the case wehre 
Vir) is a spherically symmetric potential. 1e 

The internal energy per particle, E, is given by the sum of the kinetic and 


potential energies 


(2) B=2 KT + afsinvenar. 


The theory of fluctuations enables us to establish the Ornstein-Zernicke 
relation (1) which gives the isothermal compressibility through the equation 


(3) HT) (2) = à! +ef6m-1)ar. 


The calculation of the correlation function presented in this paper is based 
on partial summations of the cluster expansion (?) of the correlation function, 
which is expressed as a sum of «cluster integrals» involving the function 


bll rape 


which approaches zero when |r;—r,| tends to infinity. 

In Section 2 we build the correlation function by summing the terms made 
from simple chains of & functions (see Fig. 2). Such an expansion has pre- 
viously been considered (*); we repeat this calculation so as to introduce the 
necessary notations. 

In Section 3 we make an application of the chain expansion scheme to the 
equation of state of plasmas at high temperature. When the asymptotic form 
of È, for large distances is used (4), Debye-Hiickel laws (°) are obtained. It 
will be shown that a better approximation for & can improve the Debye- 
Hückel laws for finite densities. 

In the next paragraph, we introduce à generalized chain expansion in which 
more and more chains are grafted one over the other (see Fig. 6). A consistent 
procedure for taking into account more and more complicated terms will be 
established. The philosophy involved in this approach is the same as Mo- 


() L. 8. ORNSTEIN and F. ZERNICKE: Amsterdam Proc., 17, 793 (1914); F. ZER- 
NICKE: Amsterdam Proc., 19, 1520 (1916); L. S. ORNSTEIN and F. ZERNICKE: Phys. 
Zeits., 19, 134 (1918); 26, 761 (1926). 


© H. D. URSELL: Proc. Camb. Phil. Soc., 23, 685 (1927 
M. G. Mayer: Statistical Mechanics (New York, 1940) 
MAYER: Journ. Chem. Phys., 13, 276 (1945) 
paper of E. SALPETER: Ann. Phys., 5, 183 

(*) J. E. MAYER and E. W. MontROLI: Journ. Chem. Phys., 9, 2 (1941) 

(4) J. E. Mayer: Journ. Chem. Phys., 18, 1426 (1956) ny | 

(5) P. DEBYE and E. HijcKEL: Phys. Zeits., 24, 185 (1923). 


); J. E. Mayer and 
; W. G..McMiccan and J: E. 


. See also ref. (*) and the excellent review 
(1958). 
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rita’s (°), but we include some terms which have been left out by him, so that 
our results are different. A detailed comparison is made in the Appendix. 

This approach will lead us to an integral equation (*) for the correlation 
function (Section 5). We shall establish the connection between the elements 
of our theory and some general relations holding for fluids, such as the Ornstein- 
Zernicke (1) and the Yvon (”) relations. 

We then discuss the virial expansion obtained from the integral equation 
of Section 5 and the generation of the terms of the cluster series which are 
obtained when this equation is solved by iteration, with the zero-density cor- 
relation function as a start. 

In Section 7, we show that the equation obtained when the Yvon-Born- 
Green set of integro-differential equations (5) is closed by the superposition 
approximation (*) can be reached by approximating our integral equation. 
We show, in Section 8, how the correction terms to the integral equation can 
be obtained. These correction terms involve more and more complicated in- 
tegrals, but it is hoped that the simplest of these terms can be computed. It 
will be seen that the effect of the correction terms can be obtained, in prin- 
ciple, from the experimental determination of the correlation function. 

In the last paragraph, we calculate the three-body correlation function: 
it will be expressed as a sum of terms involving the two-body correlation 
function. We show that, putting this three-body correlation function in the 
Yvon-Born-Green equation, we obtain the two-body correlation function de- 
rived in the present paper. 


2. — The chain approximation. 


The two-body correlation function in classical mechanics is given by the: 
expression 


21 TI exp - EP as... da UN 


i< 


(4) s(1, 2) = 
ta exp | — 


t<) 


? 


Lic rH alec 


where we use the notation è, j=|r;— r;|. 


(°) T. Morrra: Progr. Theor. Phys., 20, 920 (1958). See also E. Merron: Phys. 
Fluids, 1, 246 (1958). 

(*) After this paper was written, we realized that this integral equation was con- 
tained, with different derivations, in the paper of Meeron quoted in ref. (°) and in a 
paper by J. M. J. Van LEUWEN, J. GROENVELD and J. DE BOER: Physica, 25, 792 (1959). 

(7) J. Yvon: Suppl. Nuovo Cimento, 9, 144 (1958); Actualités scientifiques et indu- 
strielles (Paris, 1935), no. 203. 

(8) M. Born and H. S. GREEN: Proc. Loy. Soc. (London), A 188, 10 (1946). 

(9) J. G. Kirxwoop: Journ. Chem. Phys., 3, 300 (1935). 
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As we said in the introduction, we define the quantity 


a V(i, 9) 
(5) E,(1, ) — exp | KT | 1, 


which tends to zero outside the range of interaction. 
It has been shown (2) that (4) can be written as follows: 


V(1 ,2) 
KT 


(6) s(1, 2) = exp 


exp [> e"Brtt, 2)] + 


There B,(1, 2) is the «simple 1, 2 irreducible cluster integral » defined by the 
following symbolic formula, the meaning of which will appear below: 

i i: 
(7) Pall, 2) = 7; fas. aN + 2 3 IT BG, À. 

For convenience we shall diagrammatically represent each É,(î, j) appearing 
in (7) by a line joining the points è and j. The products of all these € must 
be made. The sum sign indicates that one should sum over all the distin- 
guishable diagrams leading to the same integral which can be formed by joining 
the N42 points by &-lines (the points 1 and 2 must not be linked together). 

A diagram is considered as reducible: 


a) if a part of the diagram is disconnected; 


2) if a part of the diagram is connected with the rest through one 
point only; 


Te 38 3) if a part of the diagram can be separated from the 

#3 o rest by cutting a line joining point 1 and a line joining 

7h 2 point 2; (the exponential in (6) reproduced this class 
“di of reducible diagrams). 


Fic. 1. - Reduc To illustrate these prescriptions we have drawn a reducible 
tale EC 7 Db pees . DÀ È ; 
ible diagram. diagram in Fig. 1. The A, B, C parts of the diagram violate 
prescriptions 1, 2, 3 respectively. 
In this paragraph we shall consider the simple diagram 


of N+2 points built by joining the points 1 and 2 to the N 
= other points by a simple chain of &, which we shall call a 
. $ «primary chain» as shown in Fig. 2. 
Fig. 2. — Chain There are N! possible ways of forming this diagram and 
diagram. by (7) the corresponding cluster integral is 
0/4 © 
(8) pau, 2) =[aB...aN+ 26,1, 8) £3, 4). (4 2,2) 
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Introducing the Fourier transform of &, 


(9) E(k) = afexp Rees 

one has 

(10) on Bx(r) = En exp [è k-r] £9**4(%) dk 
N n°0 | ° iù =o (k) dk. 


Summing over all such diagrams, we introduce the function 


(11) pu) = À Bat = aoa, [exp li era ah, 
N=1 4 J 
with 
So(k) 
12 = 
(12) T(k) 1-5) 


Using this approximation in (6), we then have 


V(r) 
KT 


exp [7(”)]. 


(13) slr) = exp] 


3. — An illustrative example: the equation of state of a high temperature plasma. 


We shall consider the case of an electron plasma, at high temperature with 
a uniform background of ions. 
We have in this case for the electrons 


(14) E,(r) = exp | sl =, 
where 

e? 
(15) C= KT 


We have plotted in Fig. 3 (curve (1)) (r/x)és(r). 

The calculation of the equation of state with the chain approximation has 
already been made by another author (*) who used for exp [— x/r] its asymptotic 
expression for large values of r. 

One has in this case 


x 
(16) SARE È 


6 - Il Nuovo Cimento. 
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(curve (2) of Fig. 3, represents (r/a)é4*(r)) which, with the help of equa- 
tions (9), (12) and (11) gives 


x "1 
(Gli) yar) = 2(1 — exp |- z)) © 


There h is the Debye length: h = (4x0) *. This gives for large values OUT 


x r 
(18) Sfr) = È esp | "| ; 


(r/x)(sés(r) —1) has been plotted for 
h — 2x in Fig. 3 (curve 4). 

Using formulas (1) and (2), taking 
into account the uniform backgroun 
of positive ions, the Debye-Hückeld 
laws are obtained: 


p 1 SIG 

Fig. 3. — Curve (1): (r/ax)&(r). Curve (2): (19) oKT = 13 tro (77) 

(r/2)£ds(r). Curve (3): (r/a)E42(r). Curve (4): 

(v/a) (s4s(r) —1) for x=2%. Curve (5): 5 VP as: ea € È 
(r/a)(s(r) —1) for «=2h. eno eee Je gl" 


We shall now make an approximation somawhat better than (16), namely: 


(21) ES) = - (1 exp| 4) 5 


(r/x)& has been plotted in Fig. 3 (curve (3)) and one sees that it is fairly near 
to the exact curve (curve (1)). Moreover, the validity of approximation (21) 
does not depend on the density. It has been chosen so as to be able to per- 


form analytically the Fourier transforms (9) and (11). We get in this ap- 
proximation 


RA a ee x ’ r 1 
(22) "9 S(t j= exp |< exp | LI - ei (exp [— rA_— exp [— rs] ; 


(23) A} =5—=(l+v1— Ala? Vs 


(r/x)(s(r) —1) has been plotted in Fig. 3 (curve (5)) for «=2h and can be com- 
pared with the asymptotic value obtained above (see Fig. 3, curve (4)). We 
43: : 


3306 


a, 


ON THE THEORY OF CLASSICAL FLUIDS 83 


express the correction to the Debye-Hiickel law in the form 


p I et \t 
24. om = 1 ——(xo)t | — + B 
( ) oKT 1 2 (To) (7) (1 l Dl 
E 3; er \È 
95 —— = — — 5 3 7, 
GLI, ile Ee, (7) CRUE 


Comparing equations (24)-(25) with the Debye-Hückel laws (19)-(20), we 
see that 6 is a measure of the cor- 
rection for non zero densities intro- 0.2 
duced by the more exact treatment B 
that we have just made. / is plot- 
ted against «/h in Fig. 4 (curve (1)). j 
It shows that the correction to the 
Debye-Hückel laws is small for -o.1+ 
values of « smaller than the Debye 
length. 70.2 

The same conclusion was reached Fig. 4. — The correction factor against «/h 
by ABE (1) who summed the chain- as given by the present theory (curve (1)) 
like terms in the cluster series for and by Abe's calculation (curve (2)). 
the pressure and made an expansion 
in the density. Abe’s result for B is plotted in Fig. 4 (curve (2)). It agrees 
with our result in the low density region. 


4. — The generalized chain expansion. 


We shall now include more terms in the cluster expansion by a natural 
generalization of the chain diagrams: to a chain diagram built as above, where 
between points è and 


r . oe | i+1 there is a &(i, i+1) 
+ i+ i OE ; = 

- (Fig. 5, a), we shali as 

i sociate the diagrams of 

c) > type b (Fig. 5, b), where 


Fig. 5. — Typical elements Fig.6.- A primary chain in addition to die È, term 
replacing &(7,7+1). constructed from &,. one or more chains start 
from i to go to i+1, and 
the diagrams of type ¢ (Fig. 5, ¢), where between i and i+1 there is no & but 
at least two chains starting from i and going to 7+-1. We shall call such chains, 
grafted on the primary chain, secondary chains. 
Let us consider a diagram resulting from the operations described above 
on a primary chain of N points (Fig. 6). We shall sum all the diagrams which 


(0) R. ABR: Progr. Theor. Phys., 22, 213 (1959). 
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can be formed by considering all the terms of the type a, b and c, situated 
between i and i--1. Let M be the number of points of the initial diagram 
(including points è and +1). The cluster integral corresponding to the diagram 
in which points i and i+1 are joined by a È, (diagram of type a) will be of the 


form 


(26) 6% as … AN+2E(i, i +1): 
‘F(1, 3) eels L i) Fini sa E, tr 2) Geo Fy(N+ 2, 2) ’ 


where F,...F, are cluster integrals resulting from the integration over the 
MN variables belonging to the secondary chains. The factorial in defi- 
nition (7) disappears when the identity of the M points of the diagram is taken 
into account. 

Let us add between i and i+1 / chains of N,, N., ..., N; points each, thus 
forming a b-type diagram between i and i+1. We have altogether M—M + 
+N,+...N, points in the resulting diagram. The identity of the M, points 
leads to a factor M,! compensating the 1/M,! coming from (7). It has to be 
taken into account that the permutation of the / chains leads to identical 
diagrams, so that the cluster integral in this case is written 


Aa it 
(27) Put, 


[es..av +25, i+1): 
Pré à +1) Br, à +1)... Bali, +1): 
-F,(1, 3)... F(i—1, Fasi, à EL 1)... FHAN+H2,02). 


~ 


The summation of all b-type diagrams included between i and i+1 is thus 


taken into account by adding to the &(i, i+1) which comes in (26) the con- 
tribution 


(28) (exp [yo(t, à +1)] —1) &(4, à +1). 


A similar reasoning yields for the contribution of the e-type diagrams in- 
cluded between i and i+1 


(29) exp [yolî, ¢-+-1)] —y,(é, 4+1)—1. 


Thus we see that we take into account all the secondary chains grafted on 


the primary chain between i and i-++1 if we replace the & (i, +1) of the pri- 
mary chain by &,(7, i+1), where 


(30) Ei, i+1) = (bi, à +1) +1) exp [y,(i, i+1)]—1—y,(t, à +1). 
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Taking (13) and (5) into account, we have 
(31) AR a) Ce) 1, Oa 21). 


This replacement can be on any line of the primary chains. 

Thus we are led to an improved approximation fer the 

correlation function: s,(7) is now constructed from é, chains 1 5 

as So(r) was constructed in Section 2 from £, chains. We a Tk prea 
can go to the next order of approximation by considering chain constructed 
diagrams in which the secondary chains are construcred from &,. 
from &, instead of & (see Fig. 7). In the primary chain 

each &(r) is then replaced by 


(30°) E,(r) = Eo(1) + &(r) (exp [71(7)] — 1) + exp [yi(r)] — 1 — yifr) ; 


y.(r) represents here the sum of the chain constructed from é,. 

Proceeding to higher and higher degrees of complexity, we are thus led 
to the following system of equations, which define the iteration procedure 
from which the correlation function is obtained, valid for all n > 0: 


(31’) SA) wi Sna(?) ra sE => Yn=1(?) , 
(9°) Sab ofexp [— à k-rlË(r) dr, 
(121) I, = 22(k)/(1 — E,()), 
14 ere WEST E 
(1 ) Ae a È m\ IV} 9 
: oy 
(13') SA) EXD - exp [y,(r)] 


As we mentioned in the introduction, Morrra has considered a development sim- 
ilar to ours, but some terms included here are missing in Morita’s expansion (*). 
A detailed comparison is made in the Appendix. 


(*) Note added in proof. - In an article which appeared recently (Progr. Theor. Phys... 
23, 829 (1960)) Morira has added to his preceeding expansion the missing terms. He 
thus obtains the eqs. (37-38) of the present paper: moreover, the same author has given 
the expression of the correction terms to the integral equation as in the preprint of 
Dr. MEERON and as in the present paper (Progr. Theor. Phys., 23, 385 (1960)). 
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5. — The integral equation for the generalized chain expansion.. 


Let us assume that the iteration process converges: in the limit of n going 
to infinity (31’) becomes 


(32) E(r) = g(r) — y(r) , 
where we have put 


(33) g(r) = sir) = 


We note that g(r) approaches zero when r tends to infinity. Taking the Fourier 
transform of (32), one has 


(34) Gi) afexp [— à k-r]g(r) dr = &(k) +1 (k), 
which by (12') becomes 

(35) G(k) = ZI — Eb), 

This equation, with (12) and (11’) leads to 

(36) y(1, 2) = afosa, SVEVI 


Thus the correlation function is defined through the two coupled equations 


Qr Ù À 
(37) s(r) = exp |- red exp [y(r)], 
(38) v(r) = afar (s(Ir—r’| —1)(s(r') —1 — y(n’) . 


This last equation can } i È i 
s las ) gan. be put in t j 7 » à o o 

n Ï p the following form, convenient for a numerical 
calculation, 


(G9) 76) = 28 for ae (sr / 
y = È iP Cou, (sv )— 1 — y(r’))(D(r | r’) P(\r Pils 
0 
where | 
(40) B(x) — | (EG) — ao! ar’ 
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The set of equations (37)-(38) is equivalent to one non-linear integral equa- 
tion for y(r) or s(r). y(r) is certainly a function more regular tham is s(r), and 
it will be better practically to solve for y(r). The elimination of y(r) will how- 
ever be useful in the following and we shall perform it now. 

From (35) one has 


(41) E(k) = G(h)/(1 + GR) . 


Thus we have, using (36) and (87), 


= exp |- ae + of ai. 3) 9(3, 2) d3 — o [oc 3) 9(3, 4) g(4, 2) dB d4+ 
celo yf, Boni) GUN + 2, 208 ANZI 
Equation (35) can be written in co-ordinate space 
(43) gtr) = $0) + efter g(r) ar, 


We see that this relation is identical with a quite general relation holding for 
fluids which has been derived by ORNSTEIN and ZERNICKE (!!). The present 
theory enables us, using (32), to calculate €(r) which is interpreted in ref. (11) 
as the direct interaction between two particles. 

This function is also of interest in the calculation of the quantity (0p/0o), 
which goes to zero at the critical point. It is obtained from relation (3) 


1 (0p 1 , 
e (a = — = 1/(1+ G0 
a ili 1+ ofg(r) dr RON 
and, using (34), 
ME ep mt eo NS 
(45) a (25) = DAI of etn dr . 


Yvon has derived (17) a relation similar to (45), and the function &(7) is apart 
from a trivial multiplicative constant identical with his function H,,(r). Yvon 
has shown, by considering the first terms of the cluster expansion of &(r) that 
its range is of the order of the range e of the potential, even in the neighborhood 
of the critical point. We can show more generally that this is indeed the case: 


(11) See ref. (!) and L. GoLpsrEIN: Phys. Rev., 84, 
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outside the range of the potential, one has 

Vir) & 0 for r2e. 
We know from experiment (2) that even at the critical point s(r) is not very 
different from one, so that we can suppose that in this case y(r), although of 


long range, is appreciably smaller than one. We have 


(46) s(r) & 1+ y(r) + 072) for re, 
and, from (9), 


(47) E(r) & O(y?) for r>e: 


So that, for r> e, &(r) is an order of magnitude smaller than g(r). At the 


critical point, one has 
Si 
op 
ERE 
00 rv ì 


E(0)=1. 


so that 


If, for example, we choose £(k) of the form 


(48) E(k) = p?}(u? + k?) (for small k); 
which gives for &(r) 
(49 yee Cale exp [ur] 

) Sb 


with u=1/e then we have 


r Si k) 2 
(50) gu = NA fhe ST > 
g(r) tien exp [à k-r|dr dk Hs LODE Ewen 


This function is the long range function expected at the critical point (11). 


6. — Relation with the virial coefficients. 


We shall see now how the virial coefficients 
equation (37)-(38). 
We use first the iteration procedure of 


are reproduced by the integral 


Section 3. When only primary chains 


(12) A. EISENSTEIN and N. 8. GINGRICH: Phys. Rev., 62. 261 (1942) 
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are considered, we get the first three virial coefficients and pieces of all the 
others. In particular there is a contribution to the fourth virial coeffie ients, 
represented by the two diagrams (a) of Fig. 8. The first of these Lo 
comes from the single chain of two points, the second term is the reducible 
diagram which appears in 
the expansion of the expo- jen oak N A 1 x 
nential in eq. (6), the corre- ei <> NEA 2 «> 
sponding irreducible diagram a) b) c) 
being a chain with one point. Fig. 8. — Diagrams contributing to tbe fourth virial 
When secondary chains are coefficients. Here the dotted lines represent &,+1, 
considered, there comes a new the solid line, &. 
contribution to all the virial 
coefficients of an order higher than the third. The contribution to the fourth 
virial coefficients is represented by diagrams (b) of Fig. 8. The next order of 
complication of the chains will modify the virial coefficients starting from the 
fifth one. It is clear that the diagram (¢) of Fig. 8, which is also a contribution 
to the fourth virial coefficient, will not appear. It is quite evident that an 
integral equation of the type (37)-(38), involving only 3 points, is unable to 
generate terms like the one of diagram (e). 

We now examine the diagrams which are generated when the integral 
equation (37)-(38) is solved by iteration, starting from the zero-density cor- 
relation function 


V(r) 
MRC 


From (25), we have, as à first approximation, 


(51) aaa of fll 3) (2, 3) dB, 


which is symbolized by the diagram: “\ 
Equation (24) gives s,, which we can write schematically as 


] 1 


We see that the first three virial coefficients are obtained as well as one 


term of the fourth virial coefficient. 
In the next order, we have, using (25) again, 


y,U,2) = ext Lie Ne 
RAIN 
1 1 D 
rig USS + 


+ 
ça 
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We now have all the contributions to the fourth virial coefficient except, 
naturally, the term represented by diagram (c) of Fig. 8. We note that with 
this iteration procedure the chain of n points appears only at the n-th iteration. 
Thus the terms of the cluster series are summed in an order quite different 
from that in Section 4. Of course, the same diagrams are ultimately obtained. 


7. — Connection with the Born-Green-Kirkwood equation. 


We shall show now that the integral equation (37)-(38) contains the equa- 
tion obtained when the system of integro-differential equations due to Yvon, 
Born and Green (8) is closed by the superposition approximation (°). 

Let us first briefly rederive the Yvon-Born-Green equations: taking the 
gradient of (4) with respect of co-ordinate r,, we get the following exact 
equation: 


(52) Vis(1,.2) = X(1, 2) s(1, 2) + of X11, 31541, 2,3)d3, 
where we have put 
(53) A2) = VaV(022) KE. 


The 3-particle correlation function is defined by 
V(i, 9) 
ex 
Ar IE 
), = 


I E i dl... dN 


a4... aN 


We shall now use the superposition. approximation 
(55) s(1 


» 2, 3)= s(1, 2)s(1, 3) s(2, 3). 


This permits us to express (52) as an integro-differential equation for the 
correlation function. 


To make the comparison with the integral equation (37)-(38), we shall 
3 


make a trivial modification of eq. (52); for this we use the relation 
79 D DU ulti 


(56) fre, Zeal, 2)d2 0: 
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which is obtained by noting that, for a homogeneous fluid we have 


} 
v:/II exp I" K A 
Hesp|- Vi |. dl … diV 


i<j KT 


This leads to the equation 
(58) Vis(1, 2) = X{1, 2) s(1, 2) + os(1, 2)fxa, 3) s(1, 3) [s(2, 3) —1]d3. 


This equation has been extensively applied to the theory of liquid state, 
in particular by KIRKWOOP and his collaborators (1). For the sake of brevity 
we shall call this equation the BGK equation. We shall derive this equation 
as an approximation of the integral equation (37)-(38) obtained from the 
generalized chain approach. For this, we take the gradient of (37) with respect 
to co-ordinate 1 


(59) Vi s(1, 2) = X(1, 2) s(1, 2)— V, y(1, 2) s(4, 2). 
Taking the gradient of (38), we obtain 

(60) Voda 0 (Vs, 3) Vlas) (s(2,- 3) =) dae 
Combining this equation with the preceeding one, we obtain 

(61) Vis(1, 2) = X(1,2)s(1, 2) + os(1, » fx, 3) s(1, 3)(s(2, 3) — 1) 43 + 


+ es, (att 3) —1)\(¢(2, 3) = 1) Viv, 8) da. 


This equation is identical with the BGK equation (58) except for the last 
term which vanishes only if we replace in it the correlation function by its 
value for large distances. 

The relation between the BGK equation and the integral equation (37)-(38) 
can be seen in another way: we can, from the BGK equation (58), using defi- 


(8) J. G. Kirkwoop, V. A. Lewinson and B. J. ALDER: Journ. Chem. Phys., 
20, 929 (1952). 
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nition (33), calculate the quantity 


(62)  X(1, 3)8(1, 3) = Vig(1, 3) + os(1, a) [xa 4) s(1, 4) g(4, 3) d4 


Substituting in (58), we get a term o? in which the quantity X(1, 4) s(1, 4) 
appears. Substituting (62) again and again so as to get rid of this type of 
term, we obtain, 


V(1, 2 
(63) Vi s(1, 2) =s(1, 2) V (- cs ofan 3) g(2, 3) 43 — 
= oa. 3) g(3, 4) g(4, 2) 43 dd + | att, 3) g(3, 4) g(4, 5) g(5, 2) 48 d4 d5 — al = 
— o*s(1, 2)| Veal, 3) g(1, 4) (3, 4) g(4, 2) d3 dé + 


+ vs, 2) Vs (1, 3941, 42908, 4) 914, 3) 905, 2) 130405. 


Using (41) and (42), this equation can be put in the compact form 


in : pi, a 
(64) Vis(1,2) = 9(1, 2) (— 7 + 7, 2)) — 


05501, 2) [vou 3)g(1, 4) g(3, 4) É(4, 2)d3 d4 . 


If we take into account the first term only, we get, after integration, a 
correlation function identical with ours (eq. (37)). By replacing in the second 
term the € and the g’s by &,’s, we see that it cannot be interpreted as a term 
of the cluster expansion. Apart from the term of type 6 (Fig. 8), which cannot 
be obtained from an integral equation involving only three points, the fourth 
virial coefficient is correctly obtained from the first term of (54). The second 
vena must be considered as a spurious term due to the superposition approx- 
Imation. In fact, we shall see in Section 9, that a more correct three-body 
correlation function brings in counter terms which automatically cancel the 
spurious terms of equations (64) and (65). 


8. — The correction terms. 


ri F 9 n . 1: 2 A = 
We now want to include in our approximation scheme the more compli- 
cated terms which have been left out of the generalized chain expansion of 
Section 3. We shall first sum all the combinations of terms whose prototype 
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is diagram ¢ of Fig. 8 with the terms already considered, forming diagrams of 
the type shown in Fig. 9. 


For this purpose we shall consider the iteration scheme defined by the 
following equations: 


=F feu, 3) Én(3, A) En(4, 5) €,(5, 2) 48 d4 do +... = 
= Spl, 2) + An(1, 2) = of ott, 3) An(3, 2)d3, 
(66) p= 5 i Ana(L, 3) Ana(1, 4) An(2, 3) Ana(2, 4) Ana(B, 4) d3 dd, 


(67) &,(r) = s,a(r) —1— yal), 


i V(r) Se (2) 
(63) \s,(7) = exp | Fr |P [yn (1) + ye (r)]. 


1 2 
. | : Fig. 9. — A typical diagram ob- 
We start with tained from the first correction 
term to the integral eqs. (37)-(38). 
(69) pr) =0,  s_(ri=é,(r), 4.) =é(7). The solid lines represent Es. 


After the first iteration we obtain for y”(r) the same result as in Section 3: 
y(r) is the sum of chains of &. y(” is represented by diagram ¢ of Fig. 8. We 
iS that at this stage all the four first virial coefficients have been obtained 
except for the terms represented by diagram b of Fig. 8. 
We then proceed as in Section 3 to build &, which we represent graphi- 


cally as 


(70) HEAR Da A + 
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The last term corresponds to — y,)(r) in formula (67 ). It has to be sub- 
tracted as was the case in Section 8, so that the chain diagrams are not counted 
twice. It is clear that a similar term has not to be subtracted for Va (1). 

yP(r) is the sum of the chains constructed from &,. yP(r) is given symbol- 
ically by the equation, (71): 


(71) roms TR, 


where the wiggly lines of the diagrams represent the sum of È, chains as given 
by 4,(7) of eq. (65). 

Going to the next approximation, &, will have the same general shape as & 
of eq. (70), but the chains will be now constructed from £,, and the side of 
the crossed diagrams will now be made from chains constructed from &, as 
given by Ar) of eq. (65). 

After an infinite number of iterations have been made, we obtain, com- 
paring (67) and (65), 


(72) i EER 


The correlation function is now defined by the set of equations 


do me Vir 

(73) s(r) = g(r) +1 = exp |— al exp Ar) ye tie 
(74) (1,2) = of ot, 3) 7/41, 8)) 9, 2008, 

(75) 791,2) — © fat, 91911, 4990, 8) 912, 0198, 44304. 


There is some arbitrariness about the way to introduce the correction terms. 
For instance we might have written instead of eq. (66) 


(66') sta) e 0° 9 
Yn = 9 in-2(1, 2) et 4) Ar: 4) An—2(2, 3) Ario, 4) d3 d4 ? 
with in addition of conditions (69) the prescription 
Yn-a(?) = 0 = 
We start the iteration procedure as above. We have after the first iteration 
the same result as in Section 3. After the second iteration we have for & the 


same type of diagram as those given by (70) except that the chains in it are 
now constructed from &,. Taking again the example of the fourth virial coef- 
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ficients, we see that the first iteration gives the diagram (a) of Fig. 8, when 
the second iteration gives also diagrams (b) and (ce). Ultimately, however, 
the same diagrams are summed and the same limiting equations are bite 

The next correction terms forming y(r) will be defined as those which 
cannot be reduced to terms included in y?(r) or in yr), but which can be 
so reduced by cutting a link somewhere in the representative diagram. 

We write graphically the formula for y(r). The lines in the diagrams, 
after an infinite number of iterations have been made, represent g-functions. 
These terms generalize the term given by y(r) in equation (75). We separate 
the contribution of 5-point and 6- point diagrams, which are of order 9? and 0* 


respectively : 
y? KS 
Ur ; 1 27 
(3) “ll 
: i. ei i »4) ; 2. È È Se 


The 5-point diagrams of a higher degree of complication will also be useful 
in the next paragraph. They are 


me i) 

gt = CÒ “gs gy 
1 

ro BY 


The integrals corresponding to y, y® ... are obviously very difficult to 
calculate. It may be hoped, however, that, given the great number of links 
they involve, they are small. 

We shall put 


(78) Pr) == P(r) | 


(76) 


y°(r) represents now the sum of the chains constructed from completely re- 
normalized &’s. | | 
The sum of the rest of the contribution to y(r) will be given by 


(79) AC lak 


i=2 
The correlation function is now given by 


(80) s(r) = exp | a exp [y%(r) + y*(r)] . 
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We easily see that the Ornstein-Zernicke relation (43) is still valid in the 
present case, with &(7) defined by the equation 


(67') E(r) = g(r) — y°(r) - 


The Yvon relation (34) is also maintained, but the demonstration of the 
smallness of (7) outside the range of the potential now requires that y*(r) 
should be for large distances an order of magnitude smaller than y°(r), which 
is probably true, so that the essential of the demonstration of Section 5 remains. 

Finally, we note that, supposing V(r) and s(r) known, it is possible to 
deduce y‘(r)+y"(r), at least outside the repulsive region of the potential. On 
the other hand, equation (74) can be written after a Fourier transformation 


G?(k) 
74’ i(k) = ———— 
(4 ) ( ) 1 + G(k) ? 

y°(r) can therefore be obtained equally well from the knowledge of the cor- 
relation function. If the experimental determination of this functions were 
precise enough, it should be possible to measure the effects of the correction 
terms introduced in this paragraph. 


9. — The three-body correlation function. 


In this paragraph we shall give the first corrections to the superposition 
approximation (!). We shall show that, when the corrected 3-body correlation 
function is introduced in the Yvon-Born-Green equation (52) the correlation 
function calculated in the preceeding paragraph is obtained and the spurious 
terms of the BGK equation disappear. 

The cluster expansion for the three-body correlation function is given in 


the paper of SALPETER quoted in ref. (1). The three-body correlation function 
is defined as 


(81) s(1, 2, 3) = s(1, 2) s(2, 3) s(3, 2) exp [S a 3)] : 


pee Pa lanes 3) are the exact generalization of the two-body irreducible cluster 
integrals: an irreducible diagram is defined by the same prescription as in 
Section 2, except for the last prescription which now reads: 3’) a diagram is 


(14) Various authors have investigated this 
terms of the expansion of (81): Y 
Phys., 21, 421 (1959). 


problem by considering the first few 
VON: private communication; R. ARE: Progr. Theor. 
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an be separated from the rest by cutting lines joining 


points 1, 2 and 3. The By(1, 2, 3) are given by a formula similar to formula (7). 


of Section 2. 


The first term of the cluster expansion leads to the superposition approx- 
imation (we note that in (81) the exact two-body correlation function ap- 


3 4 
lire 


I 


Fig. 10. — The first 
correction to the 
superposition ap- 
proximation. The 
dotted and solid 
lines represent s and 
g functions respe- 


pears). The first correction term will 
be represented by the diagram shown 
in Fig. 10. In this diagram the dotted 
lines represent s functions. In the 
usual cluster expansion the solid 
lines of the diagram of Fig. 10 would 
represent &, functions. It is clear 
that by the considerations of the pre- 
ceding paragraph these lines should 
be now replaced by g functions. 


Fig. 11. — Typical 
diagrams included 
in the first correc- 
tion to the super- 
position as deseribed 
by Fig. 10. Here the 
solid lines repre- 


Once this replacement has been 
made, a large class of terms of (81) 
is summed. For instance diagrams such as the diagrams shown in Fig. 11 are 
included, when equations (79)-(80) are used to define g. 

The term N = 2 in the exponent of (81) will give rise to the irreducible 
diagrams shown in Fig. 12, which are the prototype of the o? correction to 
to the superpesition approximation. 


ctively. sent £, functions: 


ae + the two diagrams obtained when permuting 1, 2 and 3 
DE 
Soa + the two diagrams obtained when permuting 1, 2 and 3 
IV? 
LÉ 
Fig.*12. — The second correction to the superposition approximation.” The dotted 


and solid lines represent s and g functions respectively. 


There again the dotted lines represent s functions, the solid lines, g functions 
when the summation of terms considered in the preceeding paragraph has 
been made. 

We shall show now that the introduction of the corrected three-body corre- 
lation function in the Yvon-Born-Green equation (52) leads to equations (79)-(80) 
for the two-body correlation function. 

We first consider a three-body correlation function including the first cor- 
rection to the superposition approximation, which is, writing the expression 


pe) 7 - Il Nuovo Cimento. 
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represented by the diagram of Fig. 10, 
(82) s1(1, 2,3) = s(1, 2) s(1, 3) 8(2, 3) (1 + of au, 4) g(2, 4) g(3, 4) a4) : 


We introduce this function in the Yvon-Born-Green equation (52). This 
replacement taking (56) into account, yields 


(83) Wi s(1, 2) = X(1,2)8(1, 2) + es(1, > fara, 3) s(1, 3) g(2, 3) d3 + 


+ 0*s(1, 2) foca, 3) s(1, 3) s 2, 3) g(1, 4) g(2, 4) 9(3, 4) 43 d4 . 


Eliminating the terms containing the potential, as was done in Section 6, 
and neglecting the terms of an order in @ higher than the second, we obtain 
the equation 


(84) V,s(1,2) = X(1, 2)s(1, 2) + os(1, 2) vi [alt 3) g(2, 3) 43 — 
— 9 s(1, 2) vi fau. 3) g(3, 4) g(4, 2) d3 d4 — 
— p?s(1, 2) vial, 3) g(1, 4) 9(3, 4) g(4, 2) d3 d4 + 
+ os(1, 2) | Vi9(1, 3) (1, 4) 9(3, 4) (4, 2) 43 dd + 
Ra > s(1, 2) vi fot, 3) g(1, 4) g(2, 3) g(2, 4) (3, 4) 4344. 


The second and third terms are the beginning of the expansion of 
os(1,2)Viy*(1,2) as can be seen by a comparison with equations (63)-(64): The 
fourth term is the first spurious term appearing in the BGK equation 
(see eq. (63)). Itis cancelled by the fifth term. The last term is equal to 
os(1, 2)Viy®(1, 2). 

pers (84) is thus equivalent to the equations (7 9)-(80) up to the order o?. 

Using the next correction to the superposition approximation which x 
represented diagramatically in Fig. 12, we have pushed the calculation up 
to the order 9°. We do not give the details of the caclulation as it is too long 
to be reproduced and quite straightforward. We only quote the results: i 


1) y°(1, 2) is obtained up to the order 0” 


2) All spurious terms are eliminated up to the order 9? 
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3) All the 9* contributions to y*(1, 2), given by equations (76)-(77) are 
obtained with the right coefficients. 


We have still to show that the introduction of the corrected three-body 
correlation function (82) in the Born and Green equation leading to equa- 
tion (83), added to the requirement that the resulting integrodifferential equa- 
tion be a three-point equation, leads to the equation (37)-(38). In other words, 
we shall perform the elimination of the spurious terms of the BGK equation 
at all orders in o. To do this, we replace in (83), s(2, 4) by its asymptotic value 
which is unity. Thus we get 


(85) Vis(1, 2) = X(1, 2) s(1, 2) + os(1, 2 [ra 3) 9(3, 2) d3, 
where 
(86) F(1, 3) = X(1, 3) s(1, 3) + of xu, 4) s(1, 4) 9(4, 3) g(1, 3) d4. 


In this last equation, we eliminate the first term with the help of equa- 
tion (83). This leads to the equation 


(87) P(1,3) = Vig, 3) — o(1 +90, 5) fra, 4) s(1, 4) g(4, 3) di — 
— 0*8(1, 3) fax, 5) s(1, 5) g(1, 4) g(5. 4) g(4, 3) 45 d4 + 


+ 0g(1. fu, 4) s(1, 4) g(4, 3) d4. 


We see that in this equation the fourth term is cancelled by the second 
part of the second term. We shall replace in the third term s(1, 3) by its 
asymptotic value so as to obtain a three-point integral equation. 

We then obtain for F(1,3) the integral equation 


(88) F(1, 3) = Vig(1, 3) — [ro 4) g(4, 3) d4. 


This equation combined with equation (86) leads to equation (61) which 
is equivalent to the integral equation (37)-(38). The elimination of all the 
spurious terms of the BGK equation has therefore been achieved and a value 
of y°(r) correct to all orders in 0 is obtained. We conclude that equation (37)-(38) 
includes the main part of the corrected three-body correlation function (82) 
and enables us to go one step beyond the superposition approximation used 
in the BGK equation. Moreover, we have seen that the precision can still 
be improved by the use of a more correct three-body correlation function which 
leads to the correction terms described in Section 8. 
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10. — Conclusion. 


In this paper we have established an integral for the three-body corre- 
lation function in classical fluids. This equation contains a main equation 
which is very simple and correction terms. The solution of the main equation 
appears at first rather easy, but it should be noted that it is a highly non- 
linear equation. In fact, we have tried to solve it iteratively, both by using the 
iteration procedure described in Section 3 and by a simple iterative process 
starting from the zero-density correlation function as in Section 6. In the low 
density, convergence is attained and both methods lead to the same result ; 
but the two approaches fail to converge in the high density region. It will 
then be necessary to use a non-iterative method to solve this equation. This 
computation is presently in progress as well as the calculation of the first cor- 
rections to the integral equation. 


We wish to acknowledge some interesting discussions with Prof. J. Yvon 
Dr. P. DEGENNES and Dr. D. E. McCuMBER. 


APPENDIX 


Morita’s expansion for the two-body correlation function. 


Morira (°) has determined the 2-body correlation function with the help 
of an iteration scheme resembling ours: the correlation function is defined by 


BIRRA (2) 41357 but the equation (al ere ed i is p 
Gee , q (31°) is replaced in his work by 


(A.1) ad Co ee (Ena (7) sta 1) exp [ca (nr) RE, yn-o() | E (y4 ar) Pan yet a(r)) 


where the superscript refers to the quantities calculated by Morita. 
E A direct comparison with the equation (31’) may be made if we eliminate 
En-1(7) by a repeated application of (A.1). We thus obtain 


(A.2) at = {(&(r) + 1) exp [y4,(r)] — 1 — yi (ry) — 
M M 


TER Yn-i(T) exp L(yn-atr) SIN =) (exp [ya tr) OF yet (1)] Po. 1) Fe 


1=2 
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The term between brackets is identical with &(r) of (31'). From this term 
is subtracted a sum of terms which does not vanish when n tends to infinity. 
so that (A.2) is fundamentally different from (31’). | 

We can illustrate this difference by calculating 
EX(r) (Ei(r) is identical with &,(r)) i 


(A.3) EX(r) = E, (7) ae votr)(exp [yi(7) ae Vo(r)] mz 1) . 
Fig. 13. — A typical 

We see that from £,(r) are subtracted terms such as term subtracted from 
represented in Fig. 13, in which there is one chain con- É(") in Morita’s ex- 
structed from és and the chains constructed from ES, pansion scheme. 
which are not identical with the primary chains. There 
does not seem to be any reason why such terms should be excluded from 
the expansion scheme. 


RIASSUNTO (*) 


Si mostra che la somma di una larga classe di diagrammi in uno sviluppo del tipo 
« Cluster » permette di scrivere una equazione integrale per la funzione di correlazione 
nei fluidi classici. Con una approssimazione, questa equazione si riduce a quella di 
Born, Green e Kirkwood. e riproduce più esattamente di quella i coefficienti del viriale. 
Si danno i termini correttivi, sempre più complicati, che permettono di rendere esatta 
la nostra equazione. Si calcola infine la funzione di correlazione a tre corpi, che, intro- 
dotta nell'equazione di Yvon-Born-Green, permette di calcolare la funzione di corre- 
lazione a due corpi. Si conferma così il calcolo diretto di questa funzione, e si mostra 
che la nostra equazione integrale include delle correzioni all’approssimazione di sovrap- 
posizione. 


(*) Traduzione a cura della Redazione. 
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Summary. — A detailed statistical analysis of the shape of the angular 
distribution of secondary particles generated in 65 nuclear collisions for 
primary energies higher than 10! eV has been presented. The double 
maximum shape of the distribution (in coordinate log tg 0) is a general 
feature of the events with high degree of anisotropy of secondaries in 
CM system. It has been found that the shape of the angular distribution 
is In agreement with the predictions of the two-centre model of multiple 
meson production both for nucleon-nucleon and nucleon-heavy nucleus 
collision. A new parameter D, which is a measure of the deviation from 
the normal shape of the distribution towards the two centre distribution 


and also a coordinate convenient for visualizing this deviation, have 
been introduced. 


1. — Introduction. 


In ree ars BATT à VITE 
RE ul years measurements of angular distributions of secondary par- 
icles 208 à pe iets 7 : È) 
si À 0 Se ray Jets in nuclear emulsion have been carried out in our la- 
oratory in collaborati ri ce Dae 
é À aboration with the Prague group. 


It has been found (1) that angular distributions of particles produced by 


if >) x 2 r @ PS 
(bs Crok, Ty COGHEN,-J. GIERULA 


B, Hore - 
T. SANIEWSKA, 0. ‘ HoryXskr, A. JURAK, M. Mrgsowicz, 


S 4 + s + pa 
STANISZ and J. PERNEGR: Nuovo Cimento, 8, 166 (1958) 
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very high energy nucleons (E, > 10'!2 eV) show a characteristic shape: in co- 
ordinates AN/dx vs. « = log, tg9 (0 are the angles of the secondary particles 
with the primary direction) the distributions have two symmetrical maxima. 
On the contrary, the hydrodynamical model predicted normal (Gaussian) distri- 
butions both for nucleon-nucleon and nucleon-nucleus collisions. 

This has been later confirmed on a more extended experimental material 
from the literature and from different laboratories (2). The first observations 
of the bimodal (two-maxima) structure of angular distributions concerned high 
energy jets with small number of black and gray tracks (N, <5). Then 
this effect has been found also in the interactions with heavy nuclei 
(N, > 8) (°). 

In order to explain the observed shape of the angular distribution we 
introduced as a working hypothesis the two-centre model. This model differs 
in one point from the isobar model (*). It has been assumed that the emitting 
centres are moving in the CM system with smaller velocity than the nucleons 
after the collision (in general y is much smaller thant y.) (1). In this way a 
consistency of the shape of the observed angular distributions and low values 
of inelasticity could be obtained. Similar models were also proposed by Coc- 
CONT (5) and NIU (°). 

Recently the bimodal angular distribution has been discussed by some 
authors. On one hand some theoretical conceptions have been suggested in 
connection with this type of distribution (’), on the other hand the statistical 
significance of this effect has been the subject of discussion (5). Since the 
introduction of the two centre model was mainly based on the existence of 
bimodal distributions and no detailed statistical analysis was published till 
now, we present here the results of our analysis based on total available ma- 
terial (*). 


(2) P. Crox, T. COGHEN, J. GIERULA, R. HozyXski, A. JuRAK, M. Mresowrcz, 
T. SANIEWSKA and J. PERNEGR: Nuovo Cimento, 10, 741 (1958). 

() ik BARTKE, P. Crok, J. GreRuLA, R. HoLyXSKI, M. Mresowicz and T. SANIEWSKA : 
Nuovo Cimento, 15, 18 (1960). | 

(4) G. T. ZaceriN: Report at a Seminar in P. N. Lebedev Physical Institute of the 
USSR Academy of Sciences (1950); E. L. FEINBERG and D. S. CERNAVSKIJ: Dokl. 
Akad. Nauk © SSR, 81, 795 (1951); S. TAKAGI: Progr. Theor. Phys., 7, 123 (1952); H. J. 
BABA: Proc. Roy. Soc. A 219, 293 (1953); W. L. KRAUSHAAR and do J. MARKS: Phys. 
Rev., 93, 326 (1954); D. S. CERNAVSKIJ: Suppl. Nuovo Cimento, 8, 775 (1958). 

(5) G. Cocconi: Phys. Rev., 111, 1699 (1958). 

(6) K. Niu: Nuovo Cimento, 10, 994 (1958). 

(7) Proc. of the Moscow Cosmic Ray Conference, vol. 1 (1960). 

(8) Informal Meeting during the Cosmic Ray Conference (Moscow, 1959). 

(*) A summary of the results has been reported in a letter to the Editor of Acta 


Phys. Pol. (19, 119 (1960)). 
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TABLE I. — List of jets produced by singly chirged or neutral particles with energy 
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than 102 eV (y, higher than 23). 


higher 


190 À À Wd 


(0 0) 


© 


Y YO ND D D D N D D D b D 
ei © © © I OO Où À À D 


32 


of the event 


| 63MI 

| 29a M1 
57P 
3M2 

| 159A A 
| 212W 

| POBr 
30K 
3N1Br 
231A A 
| 18P 
49P 

| 155K 
19AA 
59P 

2L 

| WOME 

| PON2Br 
| 26P 

| 27P 
155W 

| 4B 

| 1B 

| 31K 

| P16Br 
P10Br 
70t 
P24S4Br 
P24Br 
« S » Ch 
P20S4Br 
P20Br 


7M2 
18K 
P5Br 
3B 

| Ro 

| 25M1 


Designation 


Type 


1+10p 
0+6p 
5+11p 
0+9p 


2+14n | 


2+10p 


0+18p | 
3+18p | 


O+Iin 
5+18p 
5+11p 
sin 


0+18p | 
2+16p | 
5+16p | 
3+14p | 


3+7p 
4+ 10n 
5+9p 


0+17p | 


0+ 13p 
0+16p 


0+15p | 


0+16p 
1+11p 


0+16p | 


04 lan 
1+6p 
0+11p 
2+ 15p 
5+ 7p 
0+4p 


3+43p 


1421p | 
0+32p | 


3+24n 
3+ 35p 


5+31p | 


3+ 39p 
0+ 36p 


4+96p | 


5+23p 


ip 5 D | Ref. 
| 
RENE A nur 
Jets with N,<5 and n,< 20 
236| 0.20 0 ai 
108| 0.25 0.33 1 (2) 
23) 0.38 0.09 | (2) | 
| 29} 0.39 OMR CE) 
Ti. O47 |) 01440) 
30) 0:46) = 0-40 | 4 
40 | > 0.47 0 ya 
904 0.55,) 0 22 a aie) 
59| 0.56) —0.09 | (4) 
37 0.56) (= == 0.225) 12) 
40| 0.57 0270002) 
28| 0.59 | 0.09 (22) 
39 | 0.58 ni AE 
52| 0.60 | 0 G 
29| 0.61 | 0 | @ 
79) 0.614 QI 
27. 0.62 0.14 | (2) 
24) 0.63 | a Ae 
| 150 0.64 0.33 | (12) 
| 46.00.67] —0.06 | (12) 
64) 0.66 0.23 | (15) 
30 | 0.70 MER i) Kee 
2610721 0.07 | (2) 
34,|.: 0.81 | Oa ent?) 
112 0.81 | 0.09 | (4) 
33| 0.84) 0:25 4) (2) 
30| 1.00 | 0 (11) 
49| 1.12 | 0 | «) 
1118 | > 1,00 | < — 0.27 | 4) 
202 | 1.15 0.33 | (5) 
NS 7a 0.43 | (4) 
1102 TE 1.00 | (4) 
Jets with N,<5 and n,> 20 
STO; 0.07 | (19) 
35) 0.57. 0.05 | (7) 
67| 0:57 0.37 | (4) 
37 | 0.58 0 (2) 
99 | 0.63 0.14 | (13) 
44) 0.63 0.03 | (?) 
51| 0.63 0.03 | (-4) | 
45| 0.70 0 (11) 
27} 0.72 O2 | 0) 
16 0173 0.224000) 


Remarks | 


included in the analysis 
of D-values only 


included in the analysis 
of D-values only 


included in the analysis 
of D-values only 


included in the analysis 
of D-values only 
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TABLE I (continued). 


No. Se Type res | | D | Ref. Remarks | 
43 | 31M1 | 5+48p| 23) 0.85 | 0.08 | (2) | Ne 
44 | P2Br 0+22p | 68 | > 0.95 | 4027 (4) | included in the analysis 
45 | 2M2 AR E UE ER EUR GE eer eae oa 
Jets with 5< N,<8 
46 | P20N1Br | 8+33n| 111| O.°4 0.09 | (4) = | 
47 | 180AA 7+15n | 270.551 0.07 | (1) | Le | 
48 | 5M2 6+27p| 36) 0.60 0.26 | (19) _ 
49 | P25Br 7+25p DONNE RO GTA 002 | (4) Lo banat 
50 | 52M1 | 6+23p| 45| 0.86 0.22 | (9) = 
DM Ch | 6+16p 877). 1.11} —0.12| €) | _ = 
fe? | Minnesota | 8--75p | 300) > 1.27" < 0.09 | (4) | MAR the analysis 
| Jets with N,>8 
302315 9+14p| 101| 044| 0.14 | (8) a 
54 |4L 11+46n 50'| 0,46 —0.04,| (8) = 
55: | 19L | 9+27n| 38] .0.52 0.04 | (8) = 
56 | 10M2 | 9+10p| 134|. 0.66 (Ot OI na 
57 | 9M2 14+16p! 72] 0.70) —0.20 | (2°) | ae 
58 | 30B gini! 36\| .0.71 | 220.05.) €) = 
59 |15L |13+ 7p| 43] 0.86 0.14 | (8) | sla 
60 | 216AA 35-5904 2s) 400.901 EN NS) -- 
61 | 1M2 |13+34n| 29! 0.94 | 0.150) = 
62 | P4Br 16+57p| 26| 0.96 0:23.40, 4) = 
63 | Be 120+56p| 28} 1.03 0.322100 (8) = 
64 | 168K |174+4Ip| 58]. 1.09,| 0.41 | (7) | ca 
65 |171K Psp Mes 3081261] 0.53 | (7) | = 


(1) Private communication from the Institute of Nuclear Physics of the Academy of Science 
of the Kazakh SSR - Alma Ata. 

(2) Private communication from the Institute for Nuclear Physics of the German Aca- 
demy of Sciences - Berlin-Zeuthen. 

(3) F. D. HANNI, C. LANG. E. LOHRMANN, M. TEUCHER and H. WINZELER: Nuovo Cimento. 4, 
1473 (1956) - Bern. 

(4) Private communication from the H. H. Wills Laboratory - Bristol. 

(6) M. ScHEIN, R. G. GLASSER and D. M. HASKIN: Nuovo Cimento, 2, 647 (1955) - Chicago. 

(5) M. W. TEUCHER, E. LOHRMANN, D. M. Haskin and M. ScHEIN: Phys. Rev. Lett., 2, 
313 (1959) - Chicago. 

(7) Jets measuredinthe Cosmic Ray Department of the Institute of Nuclear Research-Krak6w. 

(8) Private communication from the Radium Institute USSR Academy of Science - Leningrad 

() Private communication from the P. N. Lebedev Institute of Physics of the USSR 
Academy of Science - Moscow. 

(2) Private communication from the Atomic Energy Institute of the Academy of Sciences 
of the USSR - Moscow. 

(2) J. G. McEwen: Phys. Rev., 115, 1712 (1959) - Ottava. 

(2) Private communication from the Institute for Physics the of Czechoslovac Academy 


of Sciences - Praha. 
(3) M. KosHiBa and M. F. KAPLON: Phys. Rev., 97, 193 (1955) - Rochester. 


(4) A. DEBENEDETTI, C. M. GARELLI, L. TALLONE and M. VIGONE: Nuovo Cimento, 4 


1142 (1956) - Torino. : | 
(35) Jets measured in the Cosmic Ray Department of the Institute of Nuclear Research | 


- Warszawa. 
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2. — Experimental material. 


The analysis has been performed on all available events with an energy 
E,>10"%eV, taken from our laboratory, from published papers and from 
private communications. In the present analysis we have not investigated 
jets generated by the «-particles and heavier primaries. 

The collection contains 65 jets produced by singly charged or neutral pri- 
Maries which are presented in Table I. 

For each event we know the angles 0; of the secondary particles with 
respect to the primary or with respect to the axis determined by the centre 
of gravity of tracks in the case of the neutral primary. 

The primary energy is determined by the formula of Castagnoli et al. 
1080 y, = — logs tg 0;) which gives the Lorentz factor y. of the primary par- 
ticle in CM system in the case of nucleon-nucleon collision. 

In this case the primary energy Æ,—10!?eV corresponds to y. = 23. 
The events are divided in Table I into three groups according to N,: The 
group N,<5 is then divided into two parts according to the number of shower 
tracks: n,< 20 and n,>20. We classify also the events according to their 
degree of anisotropy in the CM system determined by the dispersion of the 
angular distribution 


(log, tg 0, ye 


D (logs tg 0, 


a= ——— — 


n,—1 


and according to a parameter D which characterizes the deviation of the angular 
distribution from the normal shape (see Section 3). 


In a given group the events are listed in the order of increasing anisotropy 
parameter o. 


3. — Method of the analysis. 


The alma Di this analysis is to give a statistical proof that the experimental 
angular distribution is different from the normal one, which was predicted 

. a . n é À An . ? 
particular by the hydrodynamical model, and that it is in better agreement 
with two-centre model. à 
The hydrodynamical model predicts a shape of the differential angular 

STA ne . ace a . . ba l 

TS dN /dx vs. x which is well approximated by the normal one. In 

us model the dispersion of the distribution ; 

Ù \ > dii ution increases wi increasi 

eases with increasing energy, 
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the normal (Gaussian) shape remaining unchanged. This should be a common 
feature both of nucleon-nucleon and nucleon-nucleus collisions. 

The two-centre model does not give predictions concerning energy depend- 
ence of the distribution but connects the degree of anisotropy—the disper- 
sion o—with the shape of the distribution. The angular distribution is namely 
a superposition of two isotropic distributions with o = 0.39. In this model 
a greater dispersion of the whole distribution corresponds to a greater shift 
of the two maxima of the cor- 


responding isotropic distribu- n. (ID 
c È È : e 
tions. For high anisotropy this 


Lana 


leads to the bimodal shape of | (ll = All 
the distribution. Al (| B AN 

Starting from this, a very fil e it Il 
convenient measure of the de- = IS 
viation of the distribution pre- SIAT: +0.676 Inv t99 


dicted by the two centre model Fig. 1. - Illustration of the definition of D. 
from the normal shape can be 
introduced. If we divide the angular distribution into the inner and outer 
parts by the values x, = + 0.674 o, then the expected numbers of inner (N) 
and outer (N,) tracks are equal in the case of the normal distribution. For 
the two-centre distribution the outer part contains more tracks than the inner 
one (Fig. 1). As a measure of the deviation of the observed distribution from 
the normal shape we take 

N — NG NN 


4 pea is ESTE 


The expected value of D is positive for the two-centre model distribution 
and is equal to zero for the normal one. The values of D for individual jets 
are listed in Table I, column 6. 


4. — Results of the quantitative analysis. 


41. Analysis of composite angular distributions. — In order to obtain a 
quantitative measure for the described deviation we investigated at first the 
angular distribution in the full collection of jets taken as a composite jet. 
For this analysis we had to reject 7 events for which only the upper limit of 
the dispersion could be evaluated (because of smallness of some angles which 
could not be measured). These cases however have been taken into account 
in the further analysis (Section 4°2). 

The feature of the distributions to be analyzed is the shape irrespectively 
of the values of the parameter o. 


n 
ici 
oD 
ce 


108 J. GIERULA, M. MIRSOWICZ and P. ZIELINSKI 


Mere Be Pare ay 

Therefore we have standardized the shapes of the distributions by dividing 
all a, values by o. If the investigated standardized distributions are normal 
the total distribution should be also normal. Fig. 2a shows the histogram 
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Fig. 2. — Histograms of the composite differential angular distributions for the com- 

plete collection of jets: a) continuous line: the complete collection; dashed line: jets 

with o< 0.6; b) jets with o> 0.6; c) the angular distributions resulting from the 
two-centre model for different o-values; dashed lines: gaussian distributions. 


obtained in this way. The values of #/o are grouped in 10 intervals of equal 
numbers of tracks expected from the normal distribution. Using this grouping 
we have the advantage of obtaining a straight line for the differential normal 
distribution and any deviation from the normal shape is visualized. For 
the comparison some distributions resulting from the two-centre model, for 
different o values, are given in Fig. 2c. We see that the observed distri- 
butions deviate from the normal Shape in the direction indicated by the two- 
centre model. As a quantitative measure of the deviation the significance 
level resulting from the y? test has been used. Thus we see that ae ns 
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tion from the normal shape for the whole material corresponds to more than 


3 standard deviations. 


a] RS N/ Wey = Pes) da È an = 5 L 
During the Moscow Cosmic Ray Conference and Kiev High Energy Physics 

\, fa! È fa à ‘ i <I 7 ” e . . 
Conference the question has been discussed what fraction of high energy events 
shows the bimodal angular distribution. It has been given for example 20% 


for this fraction (8°). Ac- 
cording to our opinion the 
question of the relative 
frequency of double-max- 
imum angular distribu- 
tions can be answered 
in a more definite way 
with the help of the two- 
centre model. From the 
point of view of this mod- 
el we expect the double- 
maximum distribution 
only in events of suffi- 
ciently high anisotropy. 
As seen in Fig. 3 the 
bimodal distribution ap- 
pears for anisotropy pa- 
rameters higher than 
~ 0.6 We can analyse 
such an expected effect 
on two ways: 1) summa- 
rizing the individnal an- 
gular distributions for 
events with small and 
high anisotropy independ- 
ently, or 2) ascribing to 
each jet a measure of 
bimodality of the distribu- 
tion such as the D-value 


Fig. 3. - The shapes of the differential angular distribu- 

tions predicted by the two-centre model for several val- 

ues of the anisotropy parameter o. Dashed lines cor- 

respond to the partial isotropic distributions (emission 
from individual centres). 


introduced in the preceding chapter and comparing the distribution of these 
values on one hand with the corresponding distributions expected from the 
two-centre model and on the other hand with the distribution of D resulting 
from the normal shape of the angular distribution. The latter method will 


(°) C. F. PowELL: Report at the IX International Conference on High Energy Physics 


(Kiev, 1959). 
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be discussed in Section 4°2. In the following items we present results ob- 
tained by superposing the angular distributions for particular groups of jets. 


a) Selection according to anisotropy. — We have divided the 
whole collection of events presented in Fig. 2a into two parts: events with 
o< 0.6 (21 jets; Fig. 2a dashed line) and events with o > 0.6 (37 jets; Fig. 20). 
The application of y?-test to these distributions shows in the case of higher 
anisotropy the deviation from the normal distribution on the probability level 
of more than 3 standard deviations. As seen from the Fig. 2b the shape shows 
two distinet maxima. The histogram for jets with smaller anisotropy shows 
a much smaller deviation from the normal distribution. Both facts can be 
expected from the two-centre model. 

However, dividing the whole sample into two parts we ought to consider 
the possibility of introducing for the part with higher anisotropy a preference 
of statistical fluctuations towards the bimodal shape. With the help of a 
sampling experiment we have established that in our conditions such an effect 
is negligible. Only for the subgroup of events with N,<5, n,< 20, o >0.6 
we must take this effect into account (see item ¢). 

Now a question arises: Is the double-maximum distribution the feature 
of nucleon-nucleon or nucleon-nucleus collisions? 


b) Collisions with heavy nuclei. — Let us now consider the group 
of jets with a great number of heavy prongs i.e. N, >8. This group clearly 
consists of collisions with heavy nuclei of photographic emulsion i.e. Ag and Br. 
In a previous paper of our group (*) we have found that the double-maximum 
Structure of the angular distribution occurs often in these collisions. The 

histograms for this group are shown in 
BO tracks Fig. 4a and in Fig. 4b. The division 
in subgroups with o< 0.6 (Fig. 4a 


79 tracks“ qashed line) and o = 0.6 (His (ie 
SU again to the conclusion that the effect, 
45 of the double-maximum structure is 
40 observed only for higher anisotropy. 
38 An application of the 7? test to the 
30 group with o >0.6 gives the proba- 


25 bility of deviation from the normal 


Fig. 4. — Histograms of the composite d f- 

ferential angular distributions for collisions 

with heavy nuclei: a) continuous line: all 

jets with N,> 8; dashed line: jets with 
o< 0.6; b) jets with o > 0.6. 


—O00 @) 


3334 


DOUBLE MAXIMUM ANGULAR DISTRIBUTIONS IN HIGH ENERGY ETO. 11I 


distribution on the level of more than three standard deviation. For the 
group with o< 0.6 we do not observe any significant deviation from normal 
distribution. 

Then we can say that the double-maximum structure of angular distri- 
bution is statistically significant for the strongly anisotropic collisions of nu- 
cleons with heavy nuclei. 


c) Events with a small number of heavy prongs (N. <5). — 
In contrast to the preceding group, which consists only of collisions with heavy 
nuclei, the group of jets with small number of evaporation tracks is not 
homogeneous. It consists certainly of collisions with nuclei and with (free or 
quasi-free) nucleons as well. We can however select a subgroup of jets which 
contains a higher fraction of nucleon-nucleon collisions. This is done using 
an additional criterion taking into account the number of relativistic tracks n,. 

This selection is based on the following observations. 

If we compare the numbers n, for both groups: N,<5 and N, >8, we 
see a correlation between N, and n, values. 

In the group with N,<5, the average n,=19.6 and in the group with 
N,>8 the average n;=- 33.3. But we observe this tendency of increasing 
multiplicity with increasing N, also inside both groups taken separately. If 
we take therefore for further analysis only events with multiplicity, say, 
n,< 20 we get from the group with N,<5 a part which would be probably 
enriched in nucleon-nucleon collisions. We call this group the « nucleon-nu- 
cleon » collisions. Fig. 5a shows the histogram for the group N,<5. The 
dashed line corresponds to cases with o< 0.6. Fig. 5b corresponds to cases 
with o > 0.6, the dashed line shows the cases with n, > 20. Fig. 5e corre- 
sponds to cases N,<5, n;< 20 and o >0.6. 

We cannot compare the experimental histogram for jets belonging to this 
last group with a straight line predicted for the normal distribution. Firstly 
we should have in mind the already mentioned effect of possible preferential 
selection of fluctuations. 

Secondly we know that the composite histogram is a good estimate of 
the hypothetic angular distribution only for sufficiently high multiplicities 
of particular events. Thus we have compared the experimental histogram 
for «nucleon-nucleon » collisions (Fig. 5¢) with another histogram of artifi- 
cial jets obtained from the sampling experiment (dotted line). This histo- 
gram corresponds to the composition of random samples chosen from a 
normal population. These samples (four samples for each experimental event) 
imitated jets with respect to the multiplicity and o >0.6 condition. The 
deviation towards the bimodal shape is clearly seen from the figure. The 
application of the y?-test for comparing these two histograms gives a ext 
on the probability level P >85%. This value was obtained by applying 
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for the 7? a formula for comparing two experimental distributions (both fluc- 

i 7 | . Fa} . . . a a9) 
tuating) (A. HALD: Statistical Theory with Engineering Applications (1952), 
Chapter XXIII, § 4). 


95 tracks 


65 tracks 


35 tracks 
30 


c) 


Fig. 5. — Histograms of the composite differential angular distribution for jets with 

N,<5: a) continuous line: all jets; dashed line: those with o < 0.6; b) continuous 

line: jets with o > 0.6; dashed line: those with n, > 20; c) continuous line: jets with 

o> 0.6 and »,< 20 called nucleon-nucleon collisions, dotted line: normalized histogram 
for corresponding «artificial jets » from the sampling experiment. 


Of course this formula gives for the 7? smaller values than that used for 
comparing an experimental histogram with a theoretical one. The observed de- 
viation is a systematic feature of all events of this group as will be seen from 
the analysis of D. 


42. The analysis of fluctuations using the quantity D. = Now we apply the 
quantity D (beeing the measure of deviation from the normality for a given 


event; for the definition see Section 3) to the analysis of statistical fluctuations 
of the angular distributions. 
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The values of D are listed in Table I, column 6. In the Fig. 6 we have 
given the values D for all 65 jets in function of the anisotropy parameter o. The 
full line on this figure represents the dependence expected by the two-centre 
model. The line D — 0 corresponds to the normal shape of the distribution. 


+11) 


-0.5 


Fig. 6. - The distribution of D-values for all investigated jets as a function of the 

anisotropy parameter c. Full dots: events with V,<5 and n, < 20 (N-N collisions); 

open dots: events with N,<5 and n,> 20; crosses: events with N, > 8 (N-heavy 

nucleus collisions); triangles: events with 5< N,<8. Arrows: see text. The contin- 
uous curve gives the relation predicted by the two-centre model. 


The deviation of the experimental points towards positive D values is clearly 
seen (36 events with D>0, 14 with D — 0 and 15 with D< 0). This asym- 
metry is more pronounced for events with o >0.6 (26 events with D > 0, 
9 with D=0 and 7 with D < 0). 

The observed values of D are subject to large fluctuations, especially for 
small n,. We have made an analysis of fluctuations only for the group with 
N,<5 and n,< 20 (events regarded as nucleon-nucleon collisions, full dots 
on Fig. 6). As mentioned above we might expect some excess of events 
with positive D-values even for jets having a normal distribution if we select 
events with o higher than the average value of o for the whole group, For 
investigating the magnitude of this possible effect we calculated the D-values 
for «artificial jets » from our sampling experiment already mentioned. Fig. 7 
shows the distribution of D-values for «artificial jets» as a function of o. 
The points are symmetrically distributed with respect to the D= 0 line both 
for small and high o values. (For high values of o there are 23 events with 


a 8 - Il Nuovo Cimento. 
ce 
Dei 
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da 


91 events with D>0, 8 with D=0 and 21 with D< 0). On the other hand 
for experimental jets the corresponding numbers for events with o >0.6 are 
10, 6 and 2, and for events 
with o < 0.6 these numbers are 


D>0, 9 with D=0 and 28 with D<0. For small o values there are 


40.510 ! ° à 4, 3 and 5 respectively, 
Sees For quantitative evaluation 
atone ae: a of the observed deviation for 
i Ne i i RE i the group considered as nu- 
sea. D cleon-nucleon collisions with 
i Q3 Thais DI Pare o>0.6 we compared the di- 
: de il es .° stributions -of D-values for ex- 
SRO er a perimental and «artificial» jets 
° ei me : These distributions deviate 
-0.5] ees one from another on the level 
a of two standard deviations (*). 
Fig. 7. — The distribution of the D-values We want to stress that the 
for «artificial jets» which imitate the « nucleon- asymmetrical distribution of 


nucleon » collisions (full dots from Fig. 6). The 


i experimental points (full dots 
dashed line corresponds to o=0.6 in Fig. 6. 


in Fig. 6) with respect to the 
line resulting from the two-cen- 
tre model cannot be considered as a departure from the predictions of the model. 
This could follow from the fact that the curve has been calculated on the as- 
sumption of symmetry in the number of particles emitted from each centre. 
If, however, in reality the emission is not symmetric because of fluctuations, the 
value log y, = 1/n, > log ctg 0, is shifted towards the grouping of the larger 
number of tracks what obviously diminishes the value of D. In the events 
in which the angular distribution can be measured also for x°mesons by 
means of cascades it has been observed that the asymmetry for charged par- 
ticles disappeared if we included 7?-mesons. Thus it seems to be reasonable, 
in the cases in which both cones are well separated, to replace the usual for- 


| () Let us mention a detail in the calculation of the D-valua. Only for high mul- 
tiplicities we could expect that the interval (— 0.670, +0.670) covers ‘50% i 
For small multiplicities the following correction was need: instead of ihe value 0 67 
we took a value resulting from Students distribution for the given multiplies 


For instance, for n,=6 we obtain the interval 
; à ) A, SO è 3 E= 
matical Methods of Statistics, 1945, Table IV) i AVES 


The values of D obtained in this way are smaller than without this 
However for higher multiplicities the difference is negligible 


Table I and in Figs. 6, 7 and 8 are corrected in this manner 
imate validity of the correction for our Sample size by mea 


correction. 
The values given in 
We confirmed the approx- 
ns of sampling «jets ». 
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mula for logy. by the arithmetie mean of log y values calculated for the 
narrow and diffuse cones separately (104.2), 

However such a procedure is not allowed in the present analysis as it could 
‘ause a preference of double maximum distributions. Therefore it was not 
used here but the events with the mentioned shape of the angular distribution 
having an exceptional high y, values are designated in Fig. 6 by an arrow 
upwards, For similar reasons we have rejected from the histograms of 
composite angular distributions (Fig. 2, 4 and 5) those events in which a con- 
siderable fraction of particles were emitted with angles so small that they 
could not be measured. 

In these cases, only the lower limit of the dispersion o, and thus the upper 
limit of D is known. The acceptance of this upper value of D instead of the 
unknown real value would also lead to a tendency. Nevertheless the points 
corresponding to these events have been plotted in Fig. 6 but they are desig- 
nated by an arrow downwards. 


5. — Some considerations concerning angular distributions in different group 
of jets. 


In Table II we summarize the data concerning the level of statistical sig- 
nificance of the deviation of the angular distributions of secondary particles 
from the normal (Gaussian) shape. The data were obtained by applying me- 
thods of statistical analysis on the one hand to composite angular distributions 
(the results of this are given in the fifth column of Table IT) and on the other 
to the distributions of D-values. Both manners lead to the same conclusion: 
in each group of jets we observe the deviation in the shape of the angular 
distribution in the direction predicted by the two-centre model. The only 
exception is the group characterized by N,<5, o>0.6 and n,>20. The 
application of the y?-test to the composite distribution of this group gives a 
rather high deviation from the normal shape (~ two standard deviations) but 
from the mean value of D we obtain for this group no significant deviation 
from D=0. This follows from the fact that in many particular events of this 
group the angular distribution deviates from the normal shape and the dif- 
ferences of shape between these events are much higher then in other 
groups. This is clearly seen from the comparison of Fig. 8 and Fig. 5b. The 
excess of positive D-values is seen in Fig. 8 (open dots) but the shape of 


(0) P. Crox, M. Danysz, J. GreruLA, A. JuRAK, M. Migsowicz, J. PERNEGR, 


J. VRANA and W. Wozrer: Nuovo Cimento, 6, 1409 (1957). 
(11) B. Epwarps, J. Losry, D. H. Perkins, K. Pinkau and J. REYNOLDS: Phil. 


Mag., 3, 237 (1958). 
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TABLE II. 
| | Level of significance 
= . . No. No. f I d x ti 
Characteristic | : of the deviations k 
| Tah 0 of th i Remarks 
of the group | © > SE from the norma 
| | | Jets | tracks | distribution 
| que Pri = 
All events | 2a 58 | 1332 | more than 
| 3 standard dev. 
oct with | 2a | 21 | 400,|~ 1:5 and doi 
o< 0.6 | dashed | | 
| line | | 
| Events with | 2b 37 932 | more than 
| o> 0.6 | 3 stand. dev. 
| _ | — = = —- 
N,>8 4 : 13 | 433 | — 3 stand. dev. 
| 
—= e = | | ea 
Ve oso <= 0.0 4a 3 | 87 
| dashed | | Nucleon-heavy 
line | | nucleus collisions 
M>8,o>06 | 4b | 10 | 346| more than 
| 3 stand. dev. 
8 = a | | È 
N,<5 5a 40 | 785 ~ 2 stand. dey. 
N,<5, 0<0.6 | 5a 16 265 ~ 1 stand. dev. 
dashed | | 
line | 
= = A by | | 
N,<5, o > 0.6 5b 34 520 | ~2 stand. dev. 
— È | 
eas x BS e la: rene 
N,<5, 0 > 0.6 5b 7 312 ~ 2 stand. dey. But not in the direc- 
nN, > 20 | dashed | | tion predicted by 
| line | the two-centre model 
N,<5, a 0.6 be 17 |) 2081) 2 standadeve « Nucleon-nucleon » 
n,< 20 (from D distribution) | collisions 
Secondary jets 9 5 56 ; i 


the histogram for this group (Fig. 5b, dashed line) does not show two distinct 
maxima. This is the illustration of the fact that the procedure of superposing 
the particular distributions is not applicable to the group of events with dif- 
evens shapes of the angular distribution, 1t seems that the group under dis- 
cussion is a mixture of events belongine to some different physical processes 
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such as collisions of nucleons with light nuclei, peripheral collisions with heavy 
nuclei and perhaps central nucleon-nucleon collisions. The existence of an 
admixture of collisions of this last type in this group could be supported by 
an observation of the Bristol group (!!) that in jets with n, >22 the per- 
centage of heavier particles (X-particles) seems to be larger than in jets with 
n,< 22. Of course this conclusion would be based on the assumption that 
the X-particles were generated in central collisions. 


+] D 
+05 ° 
e + 
e e + 
° é À + + 
bj t La È A + 
(entri es 2 0 — 
à SENTE 60 CR 
o 
Fig. 8. — The distribution of D-values for events with o> 0.6 as a function of the 


. Full dots: events with N,<5 and n,< 20 («nucleon-nucleon » col. 
lisions); crosses: events with N, > 8 (nucleon-heavy nucleus collisions); open dots: 
events with N,<5 and n,> 20. Events with 5< N,<8 not shown. 


multiplicity »,. 


On the contrary other groups of jets discussed in this paper include prob- 
ably much more unique type of collisions. The group with N;,>8 corre- 
sponds certainly to collisions with heavy nuclei i.e. Ag or Br. The group with 
N, <5, ns<20 can be regarded as rather abundant in nucleon-nucleon 
collisions according to arguments given in Section 41¢. In consequence in 
both of these groups the bimodal angular distribution for events with high 
anisotropy can be seen not only by means of the D-distribution but also more 
directly in the shape of the composite distribution. The similarity of the com- 
posite angular distributions in these two groups is very expressive, and sug- 
gests the relationship in the physical processes. On the other hand the com- 
parison of the distribution of D-values corresponding to high anisotropic col- 
lisions with heavy nuclei with those corresponding to high anisotropic colli- 
sions characterized by N,<5 and 1, >20, shows a marked difference (Fig. 8). 
In spite of similar multiplicities the D values for collisions with heavy nuclei 
are significantly higher than those for the other gronp of events. This may 
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be an additional argument for supposing that the collection of events with 
N,<5 and n,>20 contains and admixture of collisions other than nucleon- 
nucleus collisions and nucleon-nucleon collisions with small multiplicity. 
Besides the groups specified in Table I a 
small group of secondary jets could be separately 


20 tracks 
15 analyzed. 
In our collection of jets there are 5 cases of 
ad secondary interactions generated by charged par- 
x ticles, probably z-mesons (Table I event 30K, 26P, 
-æ QUE 31K, P2484 Br and P20S4 Br). In all these cases 


Fis. 9.- The histogram of WE observe the two maxima in the angular distri- 

DE + à 5 . . . à N 
the composite differentialan- butions (Fig. 9). As the number of cases is small, 
gular distribution for colli- it is difficult to establish the probability level of 


sions of secondary particles this observation. 
possibly pions. 


6. — Conclusions. 


From the analysis performed, follows that the experimental effect of the 
bimodal (double maximum) angular distributions of secondary particles gen- 
erated in nuclear collisions of energy higher than 10! eV, observed earlier 
in our laboratories for «nucleon-nucleon » collisions ('), can be regarded as 
well established on a more extended experimental material. 

The two-centre model served in this analysis as a useful working hypo- 
thesis predicting that the occurence of bimodal angular distributions becomes 
a general feature for cases of high anisotropy (anisotropy parameter o > 0.6). 
Further analysis has shown new results which do not follow directly from 
the model, such as the existence of double maximum angular distributions 
in collisions with heavy nuclei accompanied by large excitation of the target 
nucleus (N, >8) (). 

However independently of any model the double maximum Shape of the 
angular distribution of secondary particles is, in our opinion, a well established 
new feature of strongly anisotropic high energy nuclear collisions. 


It is a pleasant duty to thank all laboratories named in the references to 
the Table I which have kindly exchanged their original measurement data 
with our laboratories and thereby rendered possible this analysis. Special 
thanks are due to Professor M. DANYS7 who initiated the action of the ex- 
change of the experimental data. 
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LACS & NT ON") 


Viene presentata una dettagliata analisi statistica della distribuzione angolare 
delle particelle secondarie generate in 65 collisioni nucleari con energie di primari mag- 
giori di 101? eV. La forma a doppio massimo della distribuzione (in coordinate log tg 0), 
è una caratteristica generale degli eventi ad alto grado di anisotropia dei secondari 
nel sistema del CM. Si è riscontrato che la forma della distribuzione angolare è in accordo 
con le predizioni del modello a due centri perla multipla-produzione di mesoni sia per 
collisioni nucleone-nucleone sia per collisioni nucleone-nucleo pesante. Si sono intro- 
dotti un nuovo parametro 1), che è una misura della deviazione dalla forma normale 
verso la distribuzione a due centri, ed altresì una coordinata adatta a visualizzare 
questa deviazione. 


(*) Traduzione a cura della Redazione. 
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Preliminary Report on Cosmic Ray Intensity 
during Magnetic Storms in July 1959 (*). 


J. G. ROEDERER, O. R. SANTOCHI, J. C. ANDERSON, 
J. M. Carposo and J. R. MANZANO 


Comisién Nacional de Energia Atémica - Buenos Aires 


(ricevuto il 18 Maggio 1960) 


Summary. — The cosmic ray intensity variation during three magnetic 
storms of July 1959 is analyzed. Data from neutron monitors at Mina 
Aguilar (4000 m o.s.l. at 12°S geomagnetic latitude), Buenos Aires 
(0 m o.s.1., 23° S) and Ellsworth (0 m o.s.1., 67° 8) were used. A method 
is described which gives detailed information on the variation of the 
primary cosmic ray spectrum during magnetic storms. This method is 
avplied to the present case, giving the following results: the shape of the 
primary variation spectrum responsible for the three July storms was ap- 
proximately the same as that of the May 1959 storm. During the recovery 
of the second storm, an injection of considerable intensity of low energy 
particles was found. The time dependence of this extra flux is determined. 
During the slow recovery after the last storm, the primary variation 
spectrum changes its shape in a similar way as in the May storm recovery. 
The correlation of these effects with geomagnetic activity is shown. 


1. — Introduction. 


The analysis of two or more superposed cosmic ray storms is of considerable 
interest. The question arises of whether or not there is a linear superposition 
of effects, that is, to what extent do mechanisms, causing superposed cosmic ray 
storms, interfere mutually. The answer to this question would give valuable 
information on the hydromagnetic properties of the cosmic ray modulating 
solar plasma beams (1). 

There are many alternative Ways to explain the superposition of cosmic 
ray storms, depending on the model chosen for the explanation of the single 


(*) Paper presented to the arctic Symposi 20 INE 7 = 
DA DORE 1e Antarctic Symposium, Buenos Aires, November 1959. 


1 AT dan am Anis al T LE = n 
(0) W. R. Piacorr ze C. W. ALLEN: VIII Rapport de la Commission pour U étude 
des relations entre les phénomènes solaires et terrestres (1957), p. 77 
ais = Je , n : 
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Storm modulation mechanism (26). If we take, for instance, Dorman’s theory (°), 
we may explain qualitatively the occurrence of two successive magnetic storms 
with overlapping cosmic ray effects, as the action of two solar plasma beams 
being emitted from two points of active regions which are ejecting particles 
into a common region of solid angle. These beams impinge on the earth, causing 
magnetic disturbances and cosmic ray modulation. In the region of plasma 
Superposition, there may be a linear addition of cosmic ray effects or not 
according to the degree of mutual interaction between frozen magnetic fields 
and currents of both streams. A linear addition would be attained in the limit 
of none interaction; deep changes in the modulating effeet would occur in 
the case of strong interaction (if for instance one beam «sweeps away» the 
other, or if unstability is achieved, causing turbulence in the fringe region). 
In the first case, almost no change in the shape of the primary spectrum should 
be expected; merely the « amplitude » of the variation spectrum should change. 
In the second case, however, considerable changes in the primary spectrum 
might be produced. 

It is interesting to note that the interaction of superposed plasma beams is 
expected to be stronger, the more the translational velocities of the two streams 
differ (i.e., the greater is their relative velocity (*)). If we take the lag between 
the flare and the sudden commencement of the magnetie storm as a measure 
of the mean velocity of particles in the stream, we conclude that our July streams 
are of successively increasing velocity: 1.1:108 cm/s; 1.5-108 and 2.2: 105 cm/s. 

If on the other hand, we consider theories in which turbulent fields inter- 
vene (4°), linear superposition of effects in two or more overlapping cosmic 
ray storms may preferably occur. Finally, theories in which the cosmic ray 
modulation is not merely localized inside the perturbing region, but extends 
out into the hydromagnetically « quiet » space (2), may again give only linear 
addition of effects. 


2. — The primary variation spectrum during cosmic ray storms. 

Different forms have been suggested for the primary variation spectrum of 
a cosmic ray storm (5). We will use Dorman’s notation, writing 3D/D for the 
relative (%) variation spectrum. D(E) is the reference differential primary 


(2) E. A. BRuNBERG and A. Darrner: Tellus, 6, 254 (1954). 
(8) Y. Sexipo and M. Wapba: Rep. Ions. Res. Japan, 9, 174 (1955). 
(4) P. Morrison: Phys. Rev., 101, 1397 (1956). 


(5) L. I. Dorman: Izv. Ak. Nauk SSSR, Ser. Fiz., 20, 24 (1956) and Cosmic Ray 
Variations (English Translation). 

(6) E. N. PARKER: Phys. Rev., 110, 1445 (1958). | 

(*) The shorter would be the time available for the magnetic lines of force of one 


beam to diffuse into the other. 


122 J. G. ROEDERER, 0. R. SANTOCHI, J. C. ANDERSON, J. M. CARDOSO and J. R. MANZANO 


spectrum taken from a quiet prestorm period. We shall assume for 3D/D 
the form 


[ Sk(t)-E for e,< e< % 
(1) my 0 ide Eee 


In the most general case, the three parameters dk, y and a, are time de- 
pendent. (e, is the geomagnetic cut-off which we suppose to be constant). 
Now, as the exponent y is mainly fixed by the modulation mechanism as a 
whole, we expect it to be fairly constant, unless the type of the mechanism 
is changed. The same applies to the upper cut-off &, although a certain time 
dependence might be expected even during the action of one and the same 
modulation mechanism. For some theories, a, = oo. 

We shall make the assumption that, for a given type of modulation mech- 
anism, y and a, are constant in time; the main contribution of cosmic ray 
intensity time dependence is given by dk(t) (depending on the earth’s position 
in the beam, magnetic and electric field intensities, stream density, etc.). We 
shall call Sk the «amplitude » of the variation spectrum. With the form of 
variation spectrum (1), the superposition of two effects obeying to the same 
modulation mechanism, would be given by the linear superposition of the 
amplitudes. If, instead, two distinct modulation mechanisms are superposed, 
we would have 


bo 
n 


apo Sk,(t)-E% + 3k, (t)- BO": 


? 


with two cut-offs e, and e,» for the first and the second terms, respectively. 
Finally, a sudden change of the mechanism at the time t, would be expressed 
by a spectrum like (2), with the condition 


| dk,(t) = constant torni 
(3) 


| dk,(t) = 0 Lordi gt 


Let us now take the relative intensity variation recorded by a monitor at 
a given latitude (cut-off ¢,) 


W,, is the coupling function for the given monitor at the given place. With 
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a Variation spectrum of the form (1), we have 


(4) ol KO [We B) A8 NOR 

DI 
T'is a coefficient which depends on the monitor, its location and the two para- 
meters y and &,. 

If we now consider two monitors «a» and «b», located at different lati- 
tudes, we can define a two dimensional vector 31 of components 82,=I",: dk(t) 
and Ô1, — 1, 0k(t). Eq. (4) shows that the direction of this vector is constant 
in time for a variation spectrum of type (1). Notice that the vector SI, at a 
given instant t, is the sum of successive vectors AI = 3I(t-+At) — 3I(t) which 
represent the variation during a recording interval At (for instance, hourly 
or bihourly). The direction of these difference vectors should be constant, too. 
From the statistical point of view, all this means that 31, and 57, should be 
correlated linearly (*), the coefficient of regression being 


[Ewa 


Tee 
(5) Xab = ip => ce . 
OPEN UE 
eA, 


Any deviation from this linear correlation should be due to a change 
in the modulation mechanism. 

We have calculated a,» for the wy (E) ¥Gev"! 
pairs of neutron monitors Ellsworth- 
Mina Aguilar and Buenos Aires-Mina > IEyeworm 
Aguilar. We used the coupling func- 
tions given by DoRMAN, (7) normalized 
co our geomagnetic cut-offs. These 
toupling functions are shown in Fig.1. | 
The resulting « values are given in 
Fig. 2 as a function of the upper o5 


: È Magnelic cuFoffs are 
Fig. 1. - Coupling functions for neutron calculated by table given in 8) 
monitors at Mina Aguilar, Buenos Aires 
and Ellsworth, calculated using curves 10 5 z 


10 50 
given in (5). Total energy 


E GeV 


(*) This is of course also true for two monitors of different coupling function oper- 
ating at the same place. _ 

(7) L. I. Dorman: Cosmic Ray Variation (English Translation), p. 117. 

(8) J. J. QuenBY and W. R. WEBBER: Phil. Mag., 4, 90 (1959). 
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cut-off, and for some plausible y values. Using at least two pairs of stations of 
significantly different coupling functions, one may be able to determine y and &,. 

Go far we have discussed the case of a single spectrum (1). Suppose now 
that a different, additional modulation mechanism starts its action at l=. 
This means that after that instant, an 
additional term $k.(t)-E7 appears in the 
variation spectrum. Therefore, after tn, 
our two dimensional vector SI becomes 
the sum of two independent vectors 


E 15w/MA,BA 


(6) STES essi 


of components 


| SI = (dh (tL; dk) T,,); 
(6°) | 


SL = (dk; 


Éo 


20 30 50 100 GeV 
Ho Ratio «,,=/ 7/1, (ed. (5)) tor where 
the pairs of stations Ellsworth-Mina 
Aguilar and Buenos Aires-Mina Aguilar, 
as a function of the upper cut-off ey, 


and for diferent » values. Citra 


Ton = i E-W,, dE. 


The important fact is that the direction of both vectors is constant 
in time. The linear correlation between d/, and dI; 
would be disturbed after #, and the difference vec- 
tors AI would no longer be parallel after that time 
If we know a priori the direction of both vectors dI, 
and 3I,, we can easily determine the time dependence of 
both vectors independently given by Sk,(t) and 5k,(t). 
If, however, we only know the direction of one of them, 
say dI, we are still able to determine the time depend- 
ence of the other (but not that of the first): if a, = Dele is the slope of dI, 
we have, according to (6) and (6/) 


) 


SL 
(7) DI, = Gil dI, = dk, (t) Ir at, È 


As the first member is obtained from experimental data, 
we can determine the amplitude 3k,(t) up to a constant 
factor I°, — %1°,. Again, if we have records from at least 
three stations, 1, 1, and therefore Vas Ego a8 Well as 


dk,(t) may be determin articular. i k 
2(t) May È ed. In particular, if 8, <&,< 8, 
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we have 18 =0 and the difference $I,— 2, SI, gives just SI,., the contribution 
of process 2 to the intensity at station «a>». | 

Finally, if rather than a superposition, there is a sudden change in the 
modulation mechanism at t= t,, we deduce from (3) (3), (6) and (6’) that the 
difference vectors AI merely change their direction remaining again parallel to 
each other after t — 1, Fig. 4. 


3. — Experimental results. 

The scope of this preliminary report is to give a qualitative analysis of the 
main behaviour of cosmic ray intensity during July 1959, recorded by three 
neutron monitors, located at Mina Aguilar, Buenos Aires and Ellsworth, Ant- 
arctica (*). Unfortunately, data from our Ushuaia monitor (0m _ o.s.1., at 


| I FRASE 350 
Y Ÿ 
MMM fo 16, 1] 18.19 LORIE ,23 mee 25 ,26 Zi 23 2) 30 31 UT 


inaA HO ap! gt pardon! Pe 


-5% 


api 


Ellsworth 


Fig. 5. — Percentage nucleon intensity variations recorded at Mina Aguilar (4000 m, 

12°S geom. lat.) and Ellsworth (sea level, 67° S). Meson cubical elescope data of 

the latter station (corrected for pressure only) are shown. for comparison in the interval 

July 14-17th. K, values, and the horizontal component of the magnetic field recorded 
at Pilar (Argentina), are represented at the bottom. 


(*) The Ellsworth monitors are operated in collaboration with the Instituto Antar- 


tico Argentino and the University of California. 
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43°S geomagnetic latitude) had to be rejected due to unreliable performance 
during that month. 

Fig. 5 shows the hourly and bihourly percentage intensity at Mina Aguilar 
and Ellsworth, respectively, referred to an average level during the quietest 
days preceding the first storm (July 6-9). Buenos Aires percentage intensity 
is not represented; it is remarkably coincident within 1% with the Mina Aguilar 
curve during the whole period. K, indices and the horizontal component of 
geomagnetic field recorded at Pilar Observatory (*) are shown at the bottom. 
Many interesting features are revealed at first sight, one of the most remarkable 
being the strong increase recorded at Ellsworth some hours before the third 
storm set on (July 17-th). For the same time interval, strong increases of low 
energy particle intensity at high altitude have 
; been reported (°). It is worth to try to get as 
| ‘ much information as possible on the changes in 
7—dle shape and intensity of the primary cosmic ray 

spectrum. 

We applied the method described in the 
preceding chapter to the pairs of stations Mina 
Aguilar-Ellsworth and Mina Aguilar-Buenos Aires. 

-10 In Fig, 6, dl. 18 plotted vss 01... g010r sule 
period July 10 to 16 (0400 UT); bihourly AT 
vectors are indicated. The total SI vector is 
obtained joining each angular point with the 
origin. The mean slope during this period is 


Ola 


-15 40 -5% 
éI Mina Aguilar 
1se storm 


61 Ellsworth |-20 


i CELLA 1.80 0110 
Fig. 6. — dI vectors (eqs. (4)-(6')) 


of the pair of stations Ells- : : : : 0 
Scatterin 8 is mai é 
ea uttering of points is mainly due to daily 


the first and second storm Variation, in addition to statistical fluctuations. 
(10th-17th July). The broken Unfortunately, we have no reliable Ushuaia 
line is a best fit with «=1.80. data in order to estimate the exponent y and 

the upper cut-off & of the primary variation 
spectrum during these days. Buenos Aires and Mina Aguilar monitors have 


coupling functions (Fig. 1) too close to each other; indeed, the experimental « 
value for this pair of stations comes out 


Xnama = 0.95 + 0.10 


for th 7 >] aan Vas { ; 
the whole July period. Nevertheless, we can at least derive certain limits 


31° 40'S - 63° 53‘ W geographic coordinates. 


(*) 
9 Ea : 2 
(9) H. GHIELMETTI: private communication on Towa Conference 
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for y and &, from our experimental x values (Fig. 2). We obtain 
0<y< 0.60, 
with the corresponding limits for ey: 
LOr a0 etsy = 23 GeV. LOrsy 20.0 paren CO 


The value % 55.4, =1.8 is slightly higher than that found for the same 
pair of stations during the May 1959 storm (1.65 + .10). For the first stage 
of that storm (1) we find using data from 
Mina Aguilar, Buenos Aires, Ushuaia, Ells- 15 10 5% 
worth, and Mt. Wellington: SI Mina Aguilar 


y = 0.48 + 0.06, Ble Sey. 


Taking into account limits of error, we may 
tentatively state that during the first stage 
of the July storms (11th-16th), the primary 
variation spectrum has a y value comprised 
between 0.4 and 0.6. 

Fig. 7 gives the behaviour of the AI vectors A July 16 20 
during the recovery after the second storm, RT ZII 
till the big decrease of the third storm. A clean July 18 

: 0700 UT 61 Elisworth 

departure from the «normal» behaviour (11) 
(indicated by the x = 1.80 line) suggests the Fig. 7. — ST vectors for the 17th 
superposition of a different type of primary of July, showing the additional flux 
TINA : i È of low energy particles (see for 
variation spectrum, which represents an in- tance oue DO and 0 lane 
jection of low energy particles (*). Unfortu- Fig. 3). The «— 1.80 lines is drawn 
nately, again due to our lack of information for reference. 
from intermediate latitudes (Ushuaia), we are 
not able to tell about the shape of the additional particles’ spectrum. However, 
we can determine its time dependence according to (7). In Fig. 8 we have repre- 
sented the «reduced» Mina Aguilar percentage intensity «, 5/,,, (%, —1.80), together 
with the Ellsworth intensity. The difference SIprzgs— 401 a = 9h 2(t)L errs — Gia) 
is plotted below. If I, = 0 (i.e., the additional flux has a cut-off &,,< 13 GeV, 


(0) J. R. Manzano, J. G. RoEDERER and O. R. SANTOCHI: Nuovo Cimento, 18, 
136 (1960). 

(11) H. CarmicHaEL and J. F. StELJES: Phys. Rev. Lett., 3, 392 (1959). 

(*) One may think, as an alternative, of an extremely fast recuperation of the 
low energy flux. However, any conventional mechanism could hardly explain a col- 
lapse of the modulating process for low energies, while it is still acting on high energy 


particles. 


128 D HORDERER, 0,5, GANPOONI; Jy Co ANDERSON, (eM NP E 


or +, > 1 (*)), this difference vives directly dI, us, the contribution of the 


al flux, in % of Ellsworth reference intensity. In this case, % Olga 


addition: 
IE parr 


‘|pElisworth 
“ist ViMina Aguilar:1.80. 


AES maladditional FI UX) 


aes | 


13 14 ie _ 17 | 18uyluT 


ni È peas” orth percentage intensity and the «reduced » Mina Aguilar intensity 
q. (7)). Center: additional flux (in % at Ellsworth), with statistical errors. Bottom: 
horizontal component at Pilar. 


= dI > a th ‘ONU il | il 2 I t i { € LD 
flu ini | the set of > ( S | ) { es k oO compar > ; Aga 


*) The steep increase f , : 5 
0) steep increase found at high altitudes supports this hypothesis. Further- 


more, a brief preliminary inspecti > : 
» À preliminary inspection of cubic telescope data from Ellsworth, which 
SW A, T 


do no reves any ac di 10 inc 5 S ests € 
6 e 1 \ itional mereas ( se 1 
i à L ase (see Fig 3) suggests t { d { e 
* YU), SUSSCSUR ha J } “ 
9 0 14 10 be ] ‘SS 


than (8-10) GeV (the cut off of meson coupling function) 
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In Fig. 9, the AT vectors from 24 hour moving average intensity values are 
shown for the recovery period after the third storm. We took 24 hour moving 
average in order to eliminate the considerable 
daily variation in this period. Taking into 
account the discussion of Sect. 2, we realize 
that during the recovery period, the shape of 
the primary variation spectrum was changing 24 Hour moving average -5% 
with respect to that of the previous decreasing 
period. The general behaviour of the curve in 
Fig. 9 may be interpreted as a much slower 
recovery of low energy particles than that 
of the higher energy region. In other words, 


-10 95 
61 Mina Aguilar 


the primary variation spectrum decreased i = A 
its y (or increased its upper limit £,, or both) fi a 
during the recovery period. It is inter- A 49 July 


esting to note that this general behaviour is 
much the same as that of the May storm 

recovery (1°). Finally, as to the «fine struc- Pie Qe aT vectors of Flew 0 ed 
ture» of the curve in Fig. 9, notice the Mina Aguilar, using 24 h moving 
peculiarity of the days 24, 25 and 26, during averages. The gradual departure 
which the intensity at Ellsworth stood still from the x=1.80 line after the 


while Mina Aguilar (and Buenos Aires) were 19th of July shows a gradual change 
ba in the shape of the primary varia- 


steadily recovering. Around these days, the jon Te can indicating ae 
horizontal magnetic field intensity decreased, energy particles recover slower than 
while the A, index and the amplitude of daily high energy ones. 
variation increased. The daily variation is 

shown in Fig. 10, as it was estimated from the difference of 12 and 24 hours 


SI Ellsworth |-20 
| 


moving averages (12). 


Daily variation 


Mina Aguilar 


~ 


24 25 26 27 28 29 JuyiT 


ie) 20 Al 22 eB 
Fig. 10. - Daily variation at Mina Aguilar and Ellsworth, calculated from 24 h and 
12 h moving averages (7”). 


(2) J. F. STELJES: Nuovo Cimento, 4, 857 (1959). 


9 - Il Nuovo Cimento. 
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15 minutes interval data have not yet been analyzed; a more careful quan- 
titative analysis using meson telescope data (cubical at Ellsworth and Buenos 
Aires, narrow directional at Buenos Aires) is in progress. 


4. — Conclusions. 


From the preceding results we deduce that there was no appreciable change 
in the primary variation spectrum for the three successive Forbush decreases. 
This may be interpreted as an indication of a linear superposition of cosmic 
ray modulation effects during the July 1959 disturbances. On July 17th, 
an injection of low energy particles, probably with a steep energy spectrum 
occured. At the final stage, low energy particles recovered slower than high 
energy particles. 


We thank H. GHIELMETTI (The Enrico Fermi Institute for Nuclear Studies) 
for many helpful suggestions and valuable information. 


RIASSUNTO (*) 


Si analizza la variazione dell'intensità dei raggi cosmici durante le tre tempeste 
magnetiche del Luglio 1959. Si sono utilizzati i dati dei rivelatori di neutroni di Mina 
Aguilar (4000 m s.l.m., 670$ di latitudine geomagnetica), Buenos Aires (0 m s.l.m., 
23° S) ed Ellsworth (0 m s.l.m., 67° $). Si descrive un metodo che fornisce dettagliate 
informazioni sulla variazione dello spettro dei raggi cosmici primari durante le tem- 
peste magnetiche. Questo metodo viene applicato al caso presente, ottenendo i seguenti 
risultati: la forma dello spettro di variazione dei primari, cui è dovuta la tempesta 
del Luglio, era quasi uguale a quella della tempesta del Maggio 1959. Durante la ripresa 
dopo la seconda tempesta si è riscontrata una iniezione di intensità considerevole di 
particelle di bassa energia. Si determina la dipendenza dal tempo di questo flusso aggiun- 
tivo. Durante la lenta ripresa dopo l’ultima tempesta, lo spettro di variazione dei 
primari cambia la sua forma in maniera simile alla ripresa dopo la tempesta di maggio. 
Si mostra la correlazione fra questi effetti e l’attività geomagnetica. 


(*) Traduzione a cura della Redazione. 
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Analysis of Cosmic Ray Intensity Time-Dependence 
Recorded at Mina Aguilar during July 1959. 


J. G. ROEDERER, O. R. SANTOCHI, J. C. ANDERSON, 
J. M. CARDOSO and J. R. Manzano 


Comisiôén Nacional de Energia Atémica - Buenos Aires 


(ricevuto il 18 Maggio 1960) 


Summary. — Intensity variations of nucleonie component at Mina Aguilar 
(4000 m o.s.1., 12°S geomagnetic latitude) are analyzed as a function 
of time, for the July 1959 storms. It is suggested that the intensity 
behaviour is due to a linear addition of three independent Forbush de- 
creases of different amplitudes and relaxation times, but of approximately 
the same form of primary variation spectrum at high energies. The slow 
recovery after the third storm is mainly determined by the relaxation 
time of the second storm. 


In a previous report (1), we pointed out the importance of obtaining infor- 
mation upon the degree of linearity of superposition of cosmic ray effects 
during the overlapping July 1959 Forbush decreases. We stated in the above- 
mentioned paper, that a linear superposition of modulation effects in two or 
more successive storms would in general lead to a variation spectrum of func- 
tional form constant in time, being the amplitude of decrease the only time- 
dependent quantity. 

As it can be deduced from the results given in the previous paper (?), no 
change in the variation spectrum takes place until the recovery after the second 
storm. This strongly suggests that the modulation mechanism responsible for 


(1) J. G. RoEDERER, O. R. SANTOCHI, J. C. ANDERSON, J. M. CARDOSO AN JR 
MANZANO: Nuovo Cimento, 18, 120 (1960). 
(7) Loc. cit. (2); Bigs 6. 


3355 


132 J. G. ROEDERER, 0. R. SANTOCHI, J. C. ANDERSON, J. M: CARDOSO and J. R. MANZANO 


the second storm did not interfere the first one, both acting independently. 
With respect to the third storm, apart of the additional low energy particle 
flux detected at Ellsworth on July 17th, we conclude from Fig. 9 of the former 
report that at least until the 19th of July, the variation spectrum did not 
change appreciably. We therefore suppose all three Forbush decreases to be 
linearly superposed. 

In this paper we will show a further evidence for linear, independent super- 
position, at least for energies above the Mina Aguilar geomagnetic cut-off 
(12.7 GeV). To show this, we consider again the simplified form for the primary 
variation spectrum (1) 


We called the function SKk(t) the amplitude of the variation spectrum. If no 
interference between modulation mechanisms of the three storms occurs, y will 
be independent of time, and we will have 


ae — [Bhy(t) + Shalt) + DIE ?, 


and for the percentage intensity variations 


ola dI, e dI, oh dI, = I'[dk,(t) ae dk,(t) te dk;(t)] (*) 


where 6k,(t) are three independent amplitudes, one function for each storm 
(dk.(t) = 0 for t< time of storm commencement). If we take data from Mina 
Anguilar, which are less sensitive to low energy flux modulations, and plot 
SI in logarithmic co-ordinates, Fig. 1, we come to the following conclusions: 


i) the recovery to prestorm level after the third storm is exponential (3); 


ii) this exponential form is not achieved immediately after the third 
storm, but only two days later, i.e. after the 20th; 


the extrapolation of this exponential form to earlier days, points 
accurately to the minimum after the second storm (1) 


6) For the definition of the constant I’, see formula (4) of (1). 

C9) This is also true for Ellsworth neutron monitor data although at this station 
the intensity fluctuations around the exponential form ne or à more pronounced 
With respect to Buenos Aires records, it has been already mentioned in S that ai 


centage variations fit within normal fluct i i 
g ‘tuations with those i i 
(3) P. Morrison: Phys. Rev., 101, 1397 (1956) DRE 
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iv) the recovery after the first storm may also be fitted by an expo- 
nential form. 


ir We aks} 


TGS GS Slr 


its} TO 20) 21 22 es 2) 25 25 27 29 2 0 si 


July 


UT 


= 24h 
as Moving 
mS average 


-— 24h Moving average 


b1% 
Fig. 1. — Logarithmic plot of percentage variation of nucleon component at Mina 
Aguilar. The exponential type of recovery is shown. 24 h moving averages are used, 
except for days in which intensity varies strongly; bihourly data are plotted for 
these intervals. 
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22 è Gi 25 26 27 ee 


F6 UT 
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613 
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ôl2- bh; 


ôT# 

Fig. 2. — Curve a: difference between the intensity variation of Fig. 1 and the expo- 

nential contribution 61, of the first storm recovery. Curve b: difference between curve @ 
and the exponential contribution 6/, of the second storm recovery. 
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With these results, we proceeded as follows: we supposed dk,(t) and there- 
fore dI, to be exponential, of the form (see Fig. 1) 


t ; à 
5 — — t in hours). 
SI, > exp | sa (ian ) 
If we subtract SI, from SI, we obtain a curve sketched in Fig. 2-a. If we 
now suppose that the main exponential behaviour after the 20th of July be- 
longs to the second storm (*), rather than the third one, we have 


1819 M20N210 220232248057 260728 


0 UT 
-1 
5% 

Fig. 3. — Representation of the three independent cosmic ray storms of exponential 


recovery each, into which the July 1959 intensity variation at Mina Aguilar can be 
resolved. Total intensity variation (Fig. 1) is given as a linear superposition of these 
curves. 


tive part of SI; represents the decrease and recovery of the third independent 
storm; it is shown in Fig. 2 curve b). Notice the fact that this very fast recov- 
ery again comes out to be of exponential form 


Subtracting this function from curve a), Fig. 2, we are led to 32,. The nega- 


In summary, if we make the assumptions, that undisturbed cosmic ray 
storm recoveries are essentially of exponential type for high energies (+10 GeV), 


() This of course means that the recovery in Fig. 1 should not be strictly exponential. 
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and that cosmic ray effects superpose linearly, we can resolve the July 1959 
cosmic ray intensity variations into three single, independently acting Forbush 
decreases of exponential recovery. These independent cosmic ray storms are 
shown in Fig. 3. Their sum fits the Mina Aguilar intensity variation curve 
within normal fluctuations. Characteristic parameters are shown in Table I. 


STATS Bie Ue 

| 245% | 
| Sorint COminenceniens Maximum Relaxation time Prestorm 

amplitude for recovery increase 
| | 
| Le 
| July Il 16.23 UT — 4,6% (27446) h +0.7% 
| July 15, 08.02 UT — 8.0% (16246) h none 
| July 17, 16.38 UT | — b.7% (18-43) h +2.5% 

* * * 


We are deeply indebted to « Compafiia Minera Aguilar S.A.» for the effi- 
cient co-operation and support given to the High Altitude Cosmic Ray Sta- 
tion Mina Aguilar. 


RIASSUNTO @) 


Si analizzano in funzione del tempo le variazioni di intensita della componente 
nucleonica a Mina Aguilar (4000 m s.l.m., 12°S latitude geomagnetica), per le tem- 
peste del Luglio 1959. Si suggerisce che il comportamento della intensita sia dovuto 
alla composizione lineare di tre indipendenti decrementi di Forbush di ampiezze e tempi 
di rilassamento diversi, ma aventi approssimativamente la stessa forma dello spettro di 
variazione della componente primaria. La lenta ripresa dopo la terza tempesta è dovuta 
principalmente al tempo di rilassamento della seconda tempesta. 


(*) Traduzione a cura della Redazione. 
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Cosmic Ray Intensity Variations during 
the Magnetic Storm in May 1959. 


J. R. Manzano, J. G. ROEDERER and O. R. SANTOCHI 


Comisién Nacional de Energia Atémica - Buenos Aires 


(ricevuto il 18 Maggio 1960) 


Summary. — Cosmic ray intensity during the May 1959 magnetic storm is 
analysed, using neutron monitor and cubic telescope data from Mina 
Aguilar, Buenos Aires, Ushuaia and Ellsworth (Antarctica). The primary 
variation spectrum is estimated according to a method outlined in a 
recent paper (!). The intensity behaviour during recovery is analysed in 
detail. Following results are obtained. The primary variation spectrum, 
acting until the 18th of May, has an approximate form given by $D/D= 
=3k(t)-E-°5, valid up to very high energies. Around the 18th, this spectrum 
changes its shape at low energies (< 2 GeV), in a similar way as it occured 
during the July 1959 storm recovery. This change may be interpreted 
as an additional removal of low energy particles, which lasted at least 
until the end of the month. On May 14, intensity variation is quite 
peculiar, in spite of being this a quiet day from the solar and geomagnetic 
point of view. A world-wide decrease occurs, with a superposed, 10 h 
lasting increase, which is particularly high at Ellsworth (9% in the neutron 
monitor, 2% for the cubical telescope). It is shown that Ellsworth was 
located in a 04 impact zone for a simultaneous solar event. On the 24th, 
a world-wide, small Forbush decrease occurred, associated with a magnetic 
storm and a decrease in the horizontal component of the magnetic field. 
This Forbush decrease, which shows a strong longitude dependence, cor- 
responds to a primary variation spectrum which has the same shape as 
that responsible for the general recovery acting at the time, i.e., after 
the low energy change on the 18th. 


(1) J. G. ROEDERER, 0. R. SANTOCHI, J. 


C. ANDERSON, J. M. Carposo and J. R. 
MANZANO: Nuovo Cimento, 18, 120 (1960). 
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1. — Introduction. 


The May 1959 Forbush decrease (?) was associated with a sudden magnetic 
storm commencement which started at 2318 UT on May 11. This storm is 
presumably linked with the strongest solar flare so far reported in this cycle, 
which occured on May 10, at 2102 UT (5), lasting for several hours. A strong 
increase of low energy proton flux at 10 g/em? atmospheric depth, was reported 
for the 12th of May (*). During the recovery of cosmic ray intensity solar 
and geomagnetic activity was still high. Particularly on the days 11, 13 and 17, 
the solar BT 48 region was extremely active. Geomagnetic activity was high 
on days 15 and 24. 

In the present paper, cosmic ray modulation effects during this period 
will be analysed, and their connection to solar and geomagnetic activity will 
be discussed. 

Records from following stations were used in this analysis: neutron monitor 
Mina Aguilar (4000 m o.s.1., 12°S geomagnetic latitude), neutron monitor and 
cubical telescope Buenos Aires (sea level, 23°S), neutron monitor Ushuaia 
(sea level, 43° S) and neutron monitor and cubical telescope Ellsworth (*) (sea 
level, 67°S). Cubical telescope data were corrected for pressure only. For 
this reason, they will be considered for qualitative arguments only. Hourly, 
or bihourly percentage variations are shown in Fig. 1. The reference level 
is given by the mean intensity during quiet days preceding the increase in 
geomagnetic activity on the 4th of May. Buenos Aires neutron monitor data 
are not shown; percentage variations coincide within minor fluctuations with 
those at Mina Aguilar. A, values and the horizontal component of the earth’s 
magnetic field recorded at Pilar (Argentina), are shown below. 

A first inspection of Fig. 1 suggests to divide the whole period into seven 


subintervals: 


1) May 11, 23 UT - May 13, ~ 22 UT: big Forbush decrease associated 
with a SC magnetic storm, which lasted 24 hours. Gradual intensity recovery. 
Strong solar activity on 11 and 13th. 


2) May 13, 22 UT - May 14, 18 UT: sudden decrease of several percent, 
followed by an increase, detected at all stations, which lasted about 10 hours, 


(2) F. BACHELET, P. Batata, A. M. Conrorto, N. Tucci and G. MARINI: Nuovo 
Cimento, 13, 1055 (1959). 

(3) Preliminary reports, High Altitude Observatory (Boulder, Colo.). 

(4) E. P. Ney, J. R. WincKLER and P. S. FREIER: Phys. Rev. Lett., 3, 183 (1959). 

(*) Operated in collaboration with the University of California and the Instituto: 


Antartico Argentino. 
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and which is very strong for the Ellsworth nucleon intensity. Che ea 
back to a minimum, which by the way is the SII eee cars a 
May disturbance. No important flare was SIGUR for DA ie g 
activity was at lowest level compared to preceding and following days. 
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Fig. 1. — Percentage variations of intensity for different detectors. K, indices and 


horizontal component of geomagnetie field intensity are shown below. The division 
of the whole period into seven subintervals according to cosmic ray behaviour is indi- 
cated. For further details, see text. 


3) May 14, 18 UT -May 18: almost undisturbed recovery at all sta- 


tions. The magnetic storm on the 15th apparently had no influence on cosmic 
radiation. 
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4) May 18 -May 21, ~12 UT: general leveling off and/or decrease of 
intensity. No peculiar geomagnetic events, except constant high activity. 
Solar activity was high on the 17th, decreasing gradually afterwards. 


5) May 21, ~12 UT —May 24, 06 UT: undisturbed recovery, except at 
Buenos Aires N.M. and C.T. No appreciable change in geomagnetic activity; 
Solar activity steadily decreasing. 


6) May 24, 06 UT - May 25, 24 UT: small Forbush decrease associated 
with a magnetic storm of sudden commencement starting 05.40 UT, and a 
pronounced decrease in horizontal component. Notice the «fine structure » 
reproduced by all detectors, of two well separated decreases, or maybe one 
decrease with superposed increase at ~ 1800 UT on the 24th. 


m 


7) May 26 - May 30: recovery at low latitudes, and leveling off at high 
latitudes. Geomagnetic activity decreasing fast. After the 30th geomagnetic 
activity increases again. 


It is a remarkable feature of some of these well defined subintervals of 
characteristic cosmic ray behaviour, that it is difficult to establish a plausible 
causal relationship with large solar and terrestrial phenomena so far reported. 


2. — The primary variation spectrum. 


The first task will be to determine 
the approximate form of the primary 
variation spectrum, and to establish 
whether it changed from interval to 
interval. We applied the method 
given in (1), in order to estimate the 
parameters of the variation spectrum, 
expressed in the approximate form 


d/ Mina Aguilar 


OD [dkt)-H-” for H<&, 
D | oO (0 MEL) ey: 


Bihourly AT vectors ((1), Section 2) 
for the pair of neutron monitors Ells- 


Fig. 2. — Percentage intensity variation 

diagram for Ellsworth and Mina Aguilar 

neutron monitors, for the Ist and 3rd 

subinterval. The increase occuring during 

the 2nd sub-interval is excluded. The 
best fit line is shown. 


a =1.65 61 Ellsworth 
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worth-Mina Aguilar and Ushuaia-Mina Aguilar are shown in Fig. 2 and Fig. 3, 
respectively. From the prestorm increase until the 17th, 24 UT, the best fit 


-5h 


dI Mina Aguilar 


7 
7 
A 
- 5% 
È JA May ae if 
-10% 
U=122 
oJ Ushuaia 

Fig. 3. — Item Fig. 2, for Ushuaia vs. 


Mina Aguilar. Data of the 11th of May 


is obtained for 


= 1.65 +: 0.10> 


CprLs-MA 


x = 122 4 0128 


USH-MA 
In Fig. 2, we omitted the interval 05 
UT to 15 UT of the 14th, during which 
the steep increase at Ellsworth occur- 
red. Notice that both decreases, that of 
the 11th and that of the 14th, do not 
show any appreciable difference in «. 
This suggests that the primary variation 
spectrum did not change during the 
additional decrease in the second subin- 
terval. In other words, both modulation 
mechanisms were of the same type, 
having linearly superposed effects on 


are not available for Ushuaia. cosmic ray intensity (?). 

In order to have a further interme- 
diate point in the southern hemisphere, we used data from Mt. Wellington (*), 
which has a geomagnetic cut-off of 2GeV total energy, according to (5). 
We obtain 


a A 
PW ELL-MA = 1.52 SE 0.09. 


Using the theoretical curves given in (1), completed with those for Ushuaia 
and Mt. Wellington, we get a best fit for a spectrum of the form 


y = 0.48 + 0.05 ; 


Sj ENOON 


TO ; oreties dr ‘ far ar a RA 1 C j 
In Fig. 4, theoretical curves for « are represented as a function of y, assuming 
& = 00. The experimental « values with their errors are marked on the curves. 


(5) J. G. ROEDERER, 0. R. SANTOCHI, J. C 
MANZANO: Nuovo Cimento, 18, 131 (1960). 


(*) We thank the Cosmic Ray Group of the U 
their data. 


. ANDERSON, J. M. Carposo and J. R. 


niversity of Tasmania for sending 


(9) J. J. QUENBY and W. R. WEBBER: Phil. Mag., 4, 90 (1959). 
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In order to eliminate the intense daily variation, we smoothed the per- 


centage variations taking 24 hour moving averages after the 15th, 00 UT. 
We excluded from this procedure the whole 6-th subinterval, in which the 


Ellsworth- Mina Ag. 


Mr. Wellington - MA 


Ushuaia - MA. 


Fig. 4. — Theoretical curves for the cofficient x, corresponding to a variation spectrum 
of type dk(t)H-Y extending to highest energies (¢)= co). Experimental values are indicated. 


small Forbush decrease took place. Fig. 5 shows the dI correlation diagram 
for Ellsworth-Mina Aguilar using average intensity. A clear departure from 
the initial x == 1.65 line is seen after the 18th of May, i.¢., after the 3-rd sub- 
interval. According to the discussion given in Section 2 of (1), we conclude 
that a change in the primary variation spectrum occurred around the 18th, 
and lasted for the rest of the period. Fig. 6 ; 

shows the corresponding diagram for the pair eu RE EI 
of stations Ushuafa-Mina Aguilar. No appreci- 
able change is seen after the 18th. In order 
to assure that this change was not a local 
effect, extending to high energies at Ellsworth, 
we correlated the intensity variation of both 
detectors, N.M. and C.T., at Ellsworth. The 


Ol ye : 
Mina Aguilar 


Fig. 5. — Percentage variation diagram for smoothed Phe 

intensity, for the pair of neutron monitors Ellsworth - ee ; 

Mina Aguilar, corresponding to the days atter the 

second sub-interval. Data from Mina Aguilar for 

the 18th of May are not available. The change in J 

the slope occuring after the 3-rd subinterval is indi- 
cated (see text). 


-10% 


67 


Ellsworth 
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% curve of Fig. 7 is obtained. The departure 
starting on the 18th clearly indicates a change 
in the low energy part of the local primary 
variation spectrum. 

No special solar or terrestrial event was 
reported for the 18th. The most one may 
-5% assume, is a connection with the strong solar 
activity on the 17th, which in some way 
caused a long lasting depression in the flux 
of low energy particles. We point out that 
during the recovery after the third July 
storm, a similar, but slower, change in the 
10% primary variation spectrum occured after 

TE, the 19th-20th of July. In summary, in both 
Fig. 6. - Item Fig. 6, for the storms, May and July, low energy particle 
pair Ushuaia - Mina Aguilar. No intensity recovered slower than the high 
appreciable change after the 18th energy flux. Notice that the magnetic storm 
is revealed. of the 15th of May had no effect on cosmic 

ray intensity. 

Finally, coming back to Fig. 2, we realize that all AT vectors corresponding 
to the sudden decrease on the 11th, lie well above the «= 1.65 line. This 
effect, which is also found for the first July storm 
(see Fig. 6 of (1)), is due to a shift in time of -5% 
cosmic ray storm commencement between Ellsworth 
and Mina Aguilar. An analysis of this longitude 
effect (7) shows that Ellsworth is (54 + 6) minutes 
late with respect to Mina Aguilar in the May 
storm commencement. Mt. Wellington turnes out 
to be 3745" + 10” late. 


Fig. 7. — Item Fig. 5, for the neutron monitor vs. i 
cubical telescope at Ellsworth. CT data for the 18th 
are not available. Again, a departure from the original “10% 
line is clearly shown for the days following the 3-rd DONS 
subinterval. / 
/ SI ym 


_ (©) J. G. Rorprrmr, J. R. Manzano and O. R. Sanrocut: preprint C.N.E.A. 
in press. i à 
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3. — The increase on May 14. 
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Fig. 8 shows half-hourly data recorded at our different stations on the 
14th of May. Percentage values are referred to the mean intensity at that 
day. The increase at Ellsworth is many times greater than at the other 


stations (including Mt. Wellington and 
others). It is of about 9% for N.M. and 
2% for C.T. It starts at (0600+ 0015) UT, 
both for N.M. and C.T. Intensity decays 
gradually until 1800 UT, when it reaches 
again a minimum (absolute minimum 
of the May storm). C.T. data are not 
available after 1600 UT. Violent fluc- 
tuations occur during the intensity decay 
in the nucleonic component; careful checks 
of equipment operation definitely rule out 
the possibility of attributing these fluc- 
tuations to equipment unstability. 
Increases at Mina Aguilar and Ushuata 
are of much smaller amplitude; the inten- 
sity rise is more gradual, except at Mina 
Aguilar, where arather sudend jump is seen 
at 0330 UT. This is confirmed by 15 
minute data. In principle, it would be 
hard to rule out entirely a contribution 
of daily variation, which is quite high 
during neighbouring days, the maximum 
occurring just around 1000 UT. However, 
a brief inspection of data from stations 
differing substantially in longitude from 
ours, still shows the existence of an increase 
occurring at nearly the same UT interval. 
The magnitude of these increases, 
referred to a level represented by the 
extrapolation of the intensity curve of 
the 3-rd interval into the second sub- 


Ellsworlh 
nucleon 0 


1% 
Elisworlh 
meson 0 — nm + 


0000 1200 2400 UT 


Mina Aguilar 
nucleon 


0 va 
1% 
Ushuaia 
nucleon Oi 
(one section 
hourly values) 


Fig. 8. — 30 min data for the 14th 
of May, showing the sudden increase 
with subsequent decay at Ellsworth, 
and the minor increases at Mina 
Aguilar and Ushuaia. 


interval (Fig. 1), is given by the following rough figures: Mina Aguilar 1.4%; 
Ushuaia 2.5%; Mt. Wellington 3.2%; Ellsworth 5.6% (mean over 5 hours). 
These values correspond to neutron monitors only. Excluding Ellwsorth, and 
taking Mina Aguilar as reference, we obtain from Fig. 4 a variation spectrum 
of y ~ 0.9. This value is similar to the exponent of the primary variation spec- 
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trum of the daily variation (*). The strong increase at Ellsworth might be 
interpreted as an additional enhancement of the primary low energy flux. 

The most striking feature of these increases, particularly that detected at 
Ellsworth, is that there was no simultaneous solar event to which it DI 
have been associated. No flare was reported (*), and geomagnetic activity 
was remarkably low at this day, compared to preceding and following days (™). 
If we nevertheless suppose that this additional flux at Ellsworth was of solar 
origin, and compute impact zones for a solar event which took place at about 
0600 UT (°), we get the picture of Fig. 9. Some cosmic ray stations located 
in or near impact zones are shown. 


00 04 08 12 16 20 UT 


90N SON 
. Deep River 

_ Chicago Ottawa_ AS METS. Cee" re. 

60 - de: D Londap | Uppsala 60 
a 2 

Climax? Gôülngen Backaround 
30 HS ER l'E TRES 30 
0 (0) 
30 T-—--+3-——------—--------—----- 30 
CU ee [ASS 60 

8 Mawson 

905 905 


00 04 08 12 16 20 UT 


Fig. 9. — Impact zones for a solar event occuring at 0600 UT on May 14. 


With respect to Ellsworth, we note that this station lies near the southern 
edge of the impact zone (drawn for a rigidity of 1GV). These impact zones, 
however, are calculated using the centered dipole model, for which the geo- 
magnetic cut-off at Ellsworth would be of about 0.4GV only. Taking into 
account higher order corrections, as given in (5), the real situation must be 
different from that sketched in Fig. 9. The impact zones will be distorted by 
this multipole correction. In the particular case of the «04» impact zone in 
the southern hemisphere, it will be displaced several degrees southwards. There 
is therefore a great chance for Ellsworth of having been situated in the true 
impact zone during the increase on May 14. We look forward to analyse 15 minute 
data from other stations lying in or near the impact zones shown in Fig. 9. 


| 19) L. I. Dorman: Cosmic Ray Variations, Translation, Technical Documents 
Liaison Office, Wright-Patterson Air Force Base, Ohio. 


() Note added in proof. - In the meantime, a couple of flares of importance 1 and 
one of importance 2 were reported to us. 

(**) This, however, may be of some significance. 

(9) J. W. Frror: Phys. Rev., 94, 1017 (1954). 
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4. — The magnetic storm of May 24. 


Cosmic ray intensity behaviour during the 6-th subinterval (Fig. 1) is of 
greatest interest. In our stations Mina Aguilar, Buenos Aires and Ellsworth 
(Ushuaia cannot be taken into account in view of the high statistical fluctua- 
tions), a first, very small decrease occurs almost 
simultaneously with the magnetic storm com- 
mencement. Then, intensity rises again for some SI Mina Aguilar / 
hours, falling back to a minimum towards midnight. 7 
This second decrease is much more pronounced 
than the first one, and coincides more or less with 
the decrease in the horizontal component. Consid- 
ering the reduced amount of data from foreign 
stations available to us at present time, it is not / 
clear to us whether this splitting up into two / 
decreases is of world-wide character or not. / 6] 

If we consider the second, bigger decrease as a=2.2 SEN 
the «true » Forbush decrease, it shows an extremely Fig. 10. — Percentage in- 
strong longitude dependence: Ellsworth is about tensity variation diagram 

È ; : . for the small Forbush de- 
two hours in advance with respect to Mina Aguilar: O TON 
Home (7) leads 5. hours_and*Mt. Wellington as for neutron monitori at 
much as 12 hours. Ellsworth and Mina Aguilar. 

This shift in time has to be taken into account 
in our AI vector diagrams. The result is shown in Fig. 10, for the pair of 
stations Ellsworth and Mina Aguilar; the latter having been delayed two hours 
with respect to the former. The slope is given by 


-5% 


May 23-25 


-5% 


x = 2.3 402, 


ELLS-MA 


which is more or less coincident with the (2.6 + 0.2) slope corresponding to 
the general variation at that time (see Fig. 5). « values for other stations are 
== 9 
XUSHMA =13 a 0.2 ’ 

> 0.2 


rd 


— F 
Hip WELL-MA — 9 


These results, together with those of Sect. 2, tell us that the primary va- 
tiation spectrum acting after the 18th, did not change its form appreciably 
during the storm of May 24; it merely modulated its amplitude. We insist 
on the fact that it is not the original variation spectrum, responsible for the 
first stage of the big storm, which is left untouched by the May 24 storm. 
Rather, it is the modified spectrum, acting after the 18th, to which a similar 
variation spectrum is superposed on the 24th. In other words, the relative 
depression of low energy flux, present after the 18th (Sect. 2) is not removed 
nor changed during the storm in the 6-th subinterval. The cosmic ray modu- 


= 10 - Il Nuovo Cimento. 


9 
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lation mechanism for this storm must be the same, although independently 
acting, as that responsible for the general recovery during its final stage. This 
result, if confirmed to be of world-wide character, may be pee as a check of 
different theories for modulation mechanisms which cause cosmic ray Forbush 
decreases. 

Finally, as an alternative, we may advance the hypothesis that what 
we see during the 6-th interval, is a Forbush decrease starting more or 
less in coincidence with the sudden commencement of the magnetic storm 
(0540 UT), and to which an extra flux of primary particles is superposed. 
This extra flux causes an intensity increase, which lasts (8-10) hours and which 
is strongly longitude-dependent. Once this flux vanishes, intensity falls back 
to the corresponding Forbush decrease level. 


a 


We thank H. GHIELMETTI (E.F.I.N.8., Chicago) for valuable informations 
and Mrs. A. Manzano and Miss L. LANFRANCO for collaboration in the cal- 
culations. 


RIASSUNTO (*) 


Si analizza l’intensità dei raggi cosmici durante la tempesta magnetica del Mag- 
gio 1959, usando i dati dei rivelatori di neutroni e dei telescopi cubici di Mina Aguilar, 
Buenos Aires, Ushuaia et Ellsworth (Antarctica). Lo spettro di variazione dei primari 
è stimato secondo un metodo delineato in uno scritto recente (1). Si analizza detta- 
gliatamente il comportamento dell’intensità durante la ripresa. Si ottengono i seguenti 
risultati. Lo spettro di variazione di primari, che agisce sino al 18 Maggio, ha una 
forma approssimata data da 6D/D=dk(t)-H-°® valida sino ad altissime energie. Verso 
il 18 questo spettro cambia forma a basse energie (< 3.5 GeV), in modo simile a 
quanto accadde durante la ripresa dopo la tempesta del luglio 1959. Questo cambia- 
mento può essere interpretato come una rimozione addizionale delle particelle di bassa 
energia, che si protrasse almeno sino alla fine del mese. Il 14 Maggio la variazione 
di intensità è spiccatamente peculiare, malgrado che questa fosse una giornata tran- 
quilla dal punto di vista solare e geomagnetico. Si ha un decremento su scala mon- 
diale, con un incremento sovrapposto, durato 10 ore, che è particolarmente alto ad 
Ellsworth (9% nel rivelatore di neutroni, 2% nel telescopio cubico). Si mostra che 
Ellsworth era collocato nella zona d’urto 04 per un evento solare simultaneo. Il 24 
si ebbe un piccolo decremento Forbush su scala mondiale, associato ad una tempesta 
magnetica ed un decremento nella componente orizzontale del campo magnetico. Questo 
decremento di Forbush, che è spiccatamente dipendente dalla latitudine, corrisponde 
ad uno spettro di variazione dei primari che ha la stessa forma di quello cui è dovuta 


la ripresa generale in azione al momento, cioè, dopo il cambiamento nelle basse 
energie del 18. 


(*) Traduzione a cura della Redazione. 
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The Mass of the \° Hyperon (’). 
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Goucher College - Towson, Md. 


F. ANDERSON (**), E. B. BRUCKER (+*), A. PEVSNER and R. STRAND 
The Johns Hopkins University - Baltimore, Md. 


(ricevuto il 21 Maggio 1960) 


Summary. — The mass of the A°-hyperon has been measured using nuclear 
emulsions: My=(1115.55 + 0.15) MeV. 


1. — Introduction. 
The Q-value of the A°-hyperon decay 
(1) N—p+r +9 


has been measured in experiments with nuclear emulsions and cloud chambers 
exposed to cosmic radiation (1%). Separated negative K-meson beams are now 


(*) This work is supported in part by the Office of Scientific Research, A.R.D.C. 
of the United States Air Force. 

(*) Supported in part by the National Science Foundation. 

(*»*) On leave of absence from University College, Dublin. 

(*) Now at Duke University, Durham, N.C. 

(1) E. R. Conen, K. M. Crouse and J. W. M. DuMonp: Fundamental Constants 
of Physics (New York, 1957). 

(2) C. D’ANDLAU, R. ARMENTEROS, A. AstIER, H. C. DESTAEBLER, B. P. GREGORY. 
L. LePRiNCE-RINGUET, F. MULLER, C. PEYROU and J. H. TinLor: Nuovo Cimento, 


Gy, 105 (CO) 
(3) M. W. FRIEDLANDER, D. KEEFE, M. G. K. Menon and M. MERLIN: Phil. Mag., 


45, 533 (1954). 
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available at the large accelerator laboratories. With the large flux of A°- 
hyperons from nuclear interactions of these negative K-mesons, it Dea 
possible to obtain a large sample of decays in nuclear emulsions 1n ee Doe 
secondary particles are brought to rest. From range-energy relations precise 
information on the energy release or Q-value in the reaction (1) can be obtained. 
The Barkas group has made a nuclear emulsion study of the A°-Q-value at 
the Bevatron, using K-meson interactions as a source of the hyperons (*). 
Since there was a wide dispersion in the Q-values obtained in the previous 
studies, another determination of the Q-value was undertaken in this laboratory. 

For the decay (1) the mass of the A°-hyperon, my, can be determined by 
measurements of the energies and momenta of the secondary particles. The 
appropriate equation is 


2 2 2 o a 
(2) mA =m: + mi +2U, U,—2p,p, COS 0 , 


Ly Uny Por Pa) Mp, M are the total energies, the momenta, and the 
masses of the proton and the pion respectively, and 0 is the opening angle 
between the directions of emission of these secondary particles. The pion and 
proton masses used in the work are m, = (139.63 + 0.006) MeV and m, = 
= (938.21 + .01) MeV (1). The Q-value is given by 


where U 


(3) Q=m,—m,—™M, . 


In emulsions the primary measurements are the range of the secondary par- 
ticles, the projection of the angle between the secondary particle tracks on 
the plane of the emulsion pellicle and the dip angles of the secondary tracks 
with respect to the plane of the emulsion pellicle at the point of decay of the A°. 
The relationship between range and energy in nuclear emulsion has recently 
been reviewed by BARKAS (°), and we have used the standard emulsion rela- 
tionship derived in this work to obtain particle energies from measured ranges 
by correcting for the density of our emulsion. The procedure used for measur- 
ing the emulsion density and the range and angles of the secondary particles 
will be described below. 


2. — Experimental Arrangement. 


A stack of Iford G-5 nuclear emulsion consisting of 125 pellicles, 400 um 
thick, and 4in.x 6in. in area was irradiated in the separated K~ beam of 
BARKAS and HECKMAN (°) at the Berkeley Bevatron. The beam entered the 

(4) W. H. BARKAS: Padua-Venice Conference (1957). 

(5) W. H. BARKAS: Nuovo Cimento, 8, 201 (1958). 


6 nah Pan, 7 ar ne ANA, 42. . . 
| ( ) H. H. HECKMAN: Description and Characteristics of Separated K-beam, Univer- 
sity ot California, Bevatron Report 323. 
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stack perpendicular to the 4in.x6in. surface and was restricted to an area 
2in.x6in. Since vertical tracks do not impede the scanning of pellicles as 
much as horizontal tracks, this method of exposure allowed a larger flux than 
is usual to enter the stack. The total exposure comprised 2:10! protons on 
the bevatron target which gave a flux of several hundred K~-meson tracks 
per square centimeter. À 


3. — Calibration. 


There were significant variations in the shrinkage of the pellicles in the 
stack. During the time span of the experiment these variations were given 
by a standard deviation of + 2%. There was one extreme variation of 8%. 
At a given time the variation in shrinkage from pellicle to pellicle is given by 
a standard deviation of +3%. The maximum variation was 13%. The 
thickness of each pellicle was measured before processing at three locations 
with a dial gauge accurate to one micron. The standard deviation in the shrink- 
age at one of these locations as predicted from measurements at the other 
locations is + 0.25% with an extreme variation of 2%. 

The density of the emulsion was determined by two methods. Every seventh 
pellicle was immersed in carbon tetrachloride and its density was determined 
from Archimedes’ principle. The average density of the emulsion from eighteen 
determinations was (3.8347 + 0.0084) g/em’. This result was consistent with 
the value determined from the ranges of fourteen protons from sigma plus 
hyperon decay at rest in the emulsion stack. 

The consistency of the density measurements with the dial gauge thickness 
measurements was checked by measuring the areas of the processed pellicles. 
The area, the dial gauge thickness, and the weight in air determine the density 
of the pellicle. The average density from these data agrees with the above 
value. Conversely, the thickness of a pellicle is determined by its area and 
density. The thicknesses determined in this way differ from the average dial 
gauge value by no more than one micron for any pellicle. These internal con- 
sistencies give us confidence in our density and thickness measurements. 


4. — Scanning and measurements. 


The stack was area-scanned in the region where the negative K-mesons 
came to rest. Despite the intense exposure, the fact that the background 
tracks entered perpendicular to the emulsion plane made it possible to find 
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sixty two-prong events where both tracks could be traced to rest in the emul- 
sion and identified as a stopping negative pion and a stopping proton. This 
paper reports the results of measurements on thirty of these events, of which 
twenty-five are identified as resulting from the decay of At-hyperons. 

The ranges of the pions and the protons were measured by several ob- 
servers using a Koritstka R-4 microscope and a Brower scattering microscope 
The ranges were divided into straight segments, and the three rectangular 
components of each segment were measured. These data, together with the 
known shrinkage, were used to determine the true length of the segment. 
Errors in the measurement of range due to small angle scattering were mini- 
mized by using segments no greater than several hundred microns in length. 

The track lengths in individual pellicles were measured at least twice by 
different observers. These measurements were required to agree to within 
one micron or to one-half of one percent of the track length in the pellicle 
whichever was larger. The X-motion screw of the Koristka R 4 microscope 
was Calibrated with a ruled optical diffraction grating. 

The projected angles were measured with a Leitz goniometer and a 100 ob- 
jective. Several independent measurements were made for each projected 
angle as well as for each dip angle. To measure the dip angle, each track was 
aligned with the X-motion screw of the Koristka R-4 microscope and was 
divided into ten cells, each approximately 10 um long. The vertical co-ordinate 
and lateral co-ordinate of each cell-end were measured. These co-ordinates 
were plotted. If these points did not show a vertical scatter, a line was con- 
structed through them. This result and the shrinkage of the pellicle at that 
time determine the dip angle of the track. 

In addition, macroscopic distortion of the emulsion can change the angles 
of tracks. The distortion coefficient (7) was measured at each vertex. Cor- 
rections for distortion were negligible except for one case where the projected 
angle was changed by two degrees. 


5. — Results. 


A list of the measured ranges, the opening 
and their associated statistical errors for the 
in Table I. The statistical error is deduced fr 
the primary quantities and the errors due to r 
the A°-mass values obtained for all thirty eve 


angles, the calculated A°masses 
thirty selected events is given 
om the measurement errors on 
ange straggling. A histogram of 
nts is given in Fig. 1. It should 


(7) J. V. Mason: Br. Journ. Appl. Phys., 3, 309 (1952) 
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TABLE I. 
| i RE sd 3) 
| Measured Measured 
| Event proton pion Opening angle MA 
number range - um range - um degrees MeV 
uncorr. uncorr. 

A-9 1559 13 048 141° 00’ + 0.6° 1115.87 + 0.59 
—234 3 507 19 827 99 51 STI 6.10 .67 
—245 582 154123 153 45 .6 5.71 .60 
—435 5739 11776 116 41 1.6 5.30 79 
—485 2 241 12977 132 26 A 5.98 .58 
—486 2037 10 469 Pola eles 5.28 57 
—498 6 926 7 676 134 5 4 Fl di 

Dr 5432 8 773 135 45 4 5.19 .54 
—2 1 205 | 27 769 83 91 .8 4.97 .70 
—54 1 262 14516 136) 25) 271 5.98 .70 
| —160 555 16 188 1419521 5 5.47 .61 
—319 4133 14836 el 32 8 5.68 64 
—436 601 14954 ol Si) 1.4 5.96 .60 
—453 161 17 908 167 15 1.6 Das .61 
—552 2291 10 142 146 31 3 4.55 .56 
—591 912 14983 140°46’ 1.8 5.86 1.06 
| —656 3 534. 8953 145 52 8 5.4 AL 
| M-115 212 36 291 59 33 .6 5.74 .79 
—135 534 16.863 133 54 2.5 4.87 1557 
S-227 1772 19 450 107 40 “D 5.98 78 

| 
| —336 371 20 360 122° 34' ST 5.69 Te 
—594 1810 11 456 155 19 35) 6.31 61 
—643 116 32 897 Ga I .8 4.50 178 
| A,S-4 131 23 220 WEES Des lets} 6.39 98 
| M,S-208 4719 7 367 156 29 1.7 5.66 .87 
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be noted that twenty-five 
of the events are closely 
grouped together, and the 
remaining five events are 
widely dispersed. An ideo- 
gram for the Q-value of 
these twenty-five events 
is given in Fig. 2. 

The weighted mean 
Q-value for the twenty- 
five events is 


Q = (37.71 + 0.14) MeV. 


This implies a value for 
themass of the A°-hyperon 


M, = (1115.55 + 0.15) MeV. 


The quoted error includes now both the statistical errors listed in Table I, 
which were used to weight the individual Q-values, and a systematic error. 


The systematic error is derived 
from uncertainties in the cali- 
bration of the emulsion, uncer- 
tainties in the masses of the 
pion and the proton, and the 
uncertainty in the range energy 
relation (*). The systematic 
error was calculated for each 
event. An average systematic 
error of 0.06 MeV in the Q-value 
and 0.08 MeV in the mass is 
combined with the statistical 
error on the mean of 0.12 MeV 
to give the final error. It should 
be noted that the internal 
Standard deviation correspond- 
ing to the spread of events in 
our histogram yields a 

tistical error of .10 MeV 


sta- 
on 


Number of events 


the 


= 


@ 
T 


37.71 


Constant area histogram 
of Qa | 
25 events 


35.00 36.00 37.00 38.00 39.00 40,00 


mean. 
This result is consistent with the recent 


QM eV 
io 2 


results of emulsion experiments 
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using K~-beams at the Bevatron (*%). The Q-values quoted by these groups 
are Q = (37.58 + .18) MeV (8) and Q = (37.55 + .13) MeV (9) respectively. 


* * OF 


We wish to thank Dr. E. J. LoFGREN and the Bevatron staff for their as- 
sistance in making the exposure possible, and Dr. H. H. Heckman for his 
aid in using the K-beam. We would also like to thank the scanning group 
at The Johns Hopkins University, and Miss HELENE PERRY and Mrs. DORIS 
ELLIS deserve special mention for their help with measurements and cal- 
culations. 


(8) J. Bocpanowicz, M. Danysz, A. Frripowski, G. MARQUIT, E. SKRZYPCZAK 
A. WROBLEWSKI and J. ZAKRZEWSKI: Nuovo Cimento, 11, 727 (1959). 

(9) C. J. Mason, W. H. Barxas, J. N. Dyer, H. H. Heckman, N. A. NicKoLs 
and F. M. M. SmitH: Bull. Am. Phys. Soc., Ser. II, 5, 224 (1960). 


> 


RIASSUNTO (°) 


Si è misurata, usando emulsioni nucleari, la massa dell’iperone A°: 


M,= (1115.55-40.15) MeV. 


(*) Traduzione a cura della Redazione. 
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r—7 Mass Difference 
as Determined from Double Dalitz Pairs (*). 


N. P. SAMIOS (™) 
Columbia University - New York, N.Y. 


(ricevuto il 6 Giugno 1960) 


Summary. - The =, x° mass difference was determined by measuring 
the momenta of the two internally converted electron positron pairs from 
r-decay. A total of 119 events gave a value m_- — m,0= (4.69 + 0.07) MeV. 


1. — Introduction. 


A measurement of the 7° momentum in the reaction, 
(A) R-+p—n+r, 


where x- mesons are captured at rest, allows a determination of the n, 7° 
mass difference. Previous values were obtained by either a measurement of 
the y-ray energy spectrum from 7°-decay (+2), the correlation angle of the 
two y-rays from the x°-decay (*4), or the neutron time of flight (*”). These 


(£) Work performed under contract with the United States Atomic Energy Com- 
mission. i 
(*) Now at Brookhaven National Laboratory, Upton, Long Island, New York. 

220) de RL pr 
() W. K. H. Panorsky, R. L. Aamopr and J. HADLEY: Phys. Rev., 81, 565 (1951). 
(?) J. KUEHNER, A. W. MERRISON and S. TORNABENE: Proc. Phys. Soc. (London), 
to be published. 

© W. CHINOWSKY and J. STEINBERGER: Phys. Rev., 93, 586 (1954). 

(*) J. M Cassers, D. P. Jones, P. G. MurPHY and P. L. O’NEIL: Proc. Phys. Soc. 
(London), 74, 92 (1959). 

(9) M. GerTNER, L. HoLLoway, D. Kraus, K. LANDÉ, E. LeBoy and W. SELOVE: 
Phys. Rev. Lett., 2, 471 (1959) 

(ONES NAV Ch 
Cimento, 14, 887 (1959). 

(CA) Aes IP A DDOCE AE 
3, 478 (1959). 


MIDDLEKOPP, T. Kamocata and E. ZAVATTINI: Nuovo 


ABASHIAN, K. M. Crowe and J. B. CzrRR: Phys. Rev. Lett., 
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results are shown in Table I. This is a report of a determination of the x° mo- 
mentum, and thereby the mass difference, by measuring the momentum of 


TABLE I. — List of previows measurements of n°, n° mass difference. 
| 5 Mass 
Experimentor TR 

| difference 
PANOFSKY et al. CR 5.42 + 1.02 
CHINOWSKY and STEINBERGER 4.50 + 0.31 
CASSELS et al. 4.55 + 0.07 
MERRISON et al. . AD 
SELOVE et al. fet ae Fs 4.91 + 0.26 
EDEMA Ne OL NE et 4.60 + 0.04 
(CixOn nine Ania ee Aa, 4.60 + 0.01 
SAMOS Same EE onus ee 4.69 + 0.07 | 


the two internally converted electron-positron pairs (i.e. Dalitz pairs) from 
the r°-decay. 


2. — Experimental details. 


m-mesons from the Nevis Cyclotron were slowed down by polyethylene 
absorber and made to stop in a hydrogen bubble chamber, 12 in. in diameter 
and 6in. in depth, placed in a 5.5kG magnetic field. A total of 725000 pic- 
tures were taken with — 15 x stoppings per picture. The expected branching 
ratio R_. where 


is 1/30 000, as calculated by KROLL and WADA (5). On this basis, the number 
of events expected is of the order 


7.25-105-15 1.62 
sile 


(assuming a Panofsky ratio of 1.62) (9). 205 events, where both pairs con- 
verted, were actually observed. Of these, 119 had all four tracks clearly de- 


(8) N. KroLL and W. Wapa: Phys. Rev., 98, 1355 (1955). 
(9) N. P. Samros: Phys. Rev. Lett., 4, 470 (1960). 


3379 


N. P. SAMIOS 
156 


fined and of sufficient length for adequate measurement. One of these event 


is shown in Fig. 1. 


— —_—— £ Seo 
< » } e tet er : 
ee T—_a ER — ea 
- er SE glee = 
= Sr regga < - ; 


Fig. 1. — Picture of a 7° which decays into two internally converted electron positron 


pairs. 
3. — Measurements. 


Each of the 119 events was measured 


a minimum of five times on a digi- 
tized measuring table. 


The momentum and direction Gosines toto en 
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was then calculated. The momentum was corrected for ionization loss, 
0.219 MeV/c/em and radiation loss (0.000815) MeV/cjem. The ionization 
loss was determined by measuring electrons which spiraled many times and 
then stopped in the chamber. This was done for electrons where p < 26 MeV/c, 
and has been shown by Dr. AGNES LECOURTOIS that this loss is constant to 
2% for p> 10 MeV/c. The radiation correction was calculated using a ra- 
diation length of 72.5 g/cm?. The magnetic field was measured by a proton 
resonance and flip coil and fitted by an expression constrained by Maxwell’s equa- 
tions. The change in field from center to the edge of the chamber was of the 
order of 4% and its variation throughout the run was + 2%. A multiple 
scattering error was also calculated for each track, given by 


AB 70.29 
DI IAA 


where: x = dip angle, 
1 =length of track in cm, 
B= Vie == 1.0; 


A net momentum error composed of a measurement error, as determined by 
the multiple independent measurements, and the multiple scattering error as 
indicated above was calculated by taking these two errors in quadrature. 
Errors for the direction cosines were also determined from the repeated meas- 
urements of each event. 


4, — Analysis. 
From energy considerations in reaction (A), one can deduce the following: 
me-Ma = (Me Mr Tot T,, 


where: 7. = neutron kinetic energy, 


n 


(ein KANE We. energy, 


m’s are the respective masses. 


Since the 7° and neutron are non-relativistic, the kinetic energies can be written 
as follows (dropping terms less than 0.001 MeV): 


2 4 2 

L T° Too T Ps 

Toi E LR D 
2Mr OM 2M, 
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and errors 


2 (PA 
nre API) Nine eae 


2Mn 2M 0 


with P_,=P, since the reaction occurs at rest. 

In calculating P2,, the sum of the electron-positron energies was normalized 
to 137.9 MeV, each track weighted by its momentum error, in order to elim- 
inate the effect of magnetic field drift. This corresponds to the value expected 
for the r° energy using a 7° mass deduced from the result of CASSELS et als Éd 
m_-— MW» = 4.55 MeV. The value for Pr for any event was insensitive to this 
normalization value, changing by ~ 9.2% for a 1 MeV change in this con- 
stant. From the measured quantities, one can calculate P°, as a function of 
12 independent variables; these being the scalar momentum and two direction 
cosines for each track (one of the direction cosines being eliminated since the 
sum of their squares must be equal to 1). Therefore: 

Pe = PT) enh rey 


Ps 


the error on P?, being 


api = V(t 


7 | (x,)?, +, = i-th independent variable. 
The main contribution to the error came from the uncertainty in the scalar 
momentum of the tracks, the average uncertainty in P? being of the order 
of 30% per event. The number of events expected to occur in flight in the 
total sample of 205 events can be calculated from the cross-section for low 
energy charge exchange scattering. At these low energies o(77-4+ p +x°+n) 
is of the order of 5 mb (1), which would yield one event in flight in the total 
= posure. Two have been observed. The contamination from events in flight 
is therefore negligible. Furthermore, the binding energy of the lowest state 
of the z~ proton system is of the order of 3 keV which can be neglected with 
respect to the measurement accuracy of this experiment. | 


5. — Results. 


lac DI Q TA & 7 7 5 
Each of the 119 events was normalized in the prescribed manner, and the 
square of the 7° momentum and its error computed on an IBM 650. Each 


(2°) lal. A. BETHE, | . DE Hor FMA LI S i SCHWEBE a 1 d ields 
À È NIN E nd de CET > [ 3 J 1 
(Evanstor s Ill. 1955). R esons and ti di 
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of the events was then weighted by 1/(% error)? in order to obtain the best 


value, P°, = (809.380 + 18.454) (MeV/c)?. Fig. 2 is a plot of the distribution 


1 1 ai 1 = 1 Mn 
25050550 65075088850 950 1050 1150 1250 1350 
p2 (MeV,c)2 


Fig. 2. — Plot of P? versus N/(% error)? for the 119 events. 


of these events with their proper weighting as a function of p?. This yields 
a mass difference 


M,-— Ma» = (4.69 + 0.07) MeV . 
in agreement with all the previous measurements. 


I wish to thank the Columbia Bubble Chamber Group for aid in taking the 
pictures and for some useful discussions; Mr. Don Burp for programming 
the IBM 650; and the crew of scanners IRENE GARDER, DINA GOURSKY, JOHN 
IMPEDUGLIA, HANK MARGOSIAN, ALEX RYTOW, GALLI KANELETZ, ALEXIS. 
Woskry, Don McCLURE, and DAve MAv«K for their painstaking work in find- 
ing these events. Finally, I wish to acknowledge the help of Dr. ALBERT 
PRODELL who collaborated on the early phases of this work. 


RIASSUNTO (*) 


La differenza di massa 7, 7° è stata determinata misurando gli impulsi di due 
coppie elettrone positrone convertite internamente da decadimento 7°. Un totale di 
119 eventi diede un valore m,-— M,» = (4.69 £0.07) MeV. 


(*) Traduzione a cura della Redazione. 
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Faculté des Sciences - Bordeaux (*) 


M. GOURDIN 


Faculté des Sciences - Orsay (**) and Faculté des Sciences - Bordeaux 


ds RON 


Faculté des Sciences - Bordeaux 


(ricevuto il 7 Giugno 1960) 


Resumé. — On se propose, dans cet article, de traiter, par la technique 
de Mandelstam, la photoproduction des mésons x sur les mésons K, néces- 
saire à l'étude de la photoproduction des mésons K sur les nucléons. En 
se restreignant aux états intermédiaires de plus basses masses et en ne 
retenant que la transition dipolaire magnétique, on obtient pour les deux 
amplitudes dûes à la partie isovectorielle du courant électromagnétique 
deux équations intégrales couplées de Mushkelishvili-Omnés et pour 
Vamplitude dûe à la partie isoscalaire une equation du même type. Celles 
ci se réduisent à des équations intégrales de Fredholm. La connaissance 
des solutions approchées pour la photoproduction des mésons x sur les 
mésons x et des déphasages P de la diffusion méson r-méson K permettra 


de les résoudre numériquement. Ces derniers calculs seront donnés ulté- 
rieurement. 


() Postal address: Service de Physique Théorique, Chemin Brunet, Talence, Gironde 


(25) Postal address: Laboratoire de Physique Théorique et Hautes Emersies BeRy 12 
Orsay, Seine et Oise. , 
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1. — Introduction. 


11. — In order to study the photoproduction of K-mesons on nucleons, we 
have to consider the following graph: 


Application of the unitarity condition for the S-matrix leads us to consider 


two transition amplitudes: 
a) Photoproduction of mesons on K-mesons y+K >r+K. 


b) Production of an hyperon anti-nucleon pair, simply related to the 
associated production amplitude of strange particles (1). 
The object of this paper is to study the first amplitude by using the Man- 
delstam technique of integral representation for the reaction amplitude (?). 
1°2. — We assume the same parity for K+ and K° or for K~ and K° (3). The 
K-mesons are an isospin doublet as the nucleons. Consequently, the vertex 
rKK is forbidden by parity conservation and there exist no Born terms in 


this problem. 
We only consider three graphs, in the approximation of the lowest mass 


intermediate states. 


: 9 ee os K 
in yin Sa 
me K oe 2 ò Y oy | di PS: K 
K7 “ K K- SS. 
a) b) 
Fig. 2. — Photoproduction graphs. Fig. 3.-KK pair production graph. 


13. — The problem of photoproduction of #-mesons on K-mesons is also 
interesting in the sense in which it possesses the isospin characteristics of the 
corresponding problem on nucleons. Except the Born contributions, we have 


(1) M. Gourpin and M. RimPAULT: Production associée de particules étranges (Bor- 


deaux, 1959, PTB-2). 
(2) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958). 


(3) A. Pars: Phys. Rev., 112, 624 (1958). 


11 - Il Nuovo Cimento. 
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the same graphs to consider. The electromagnetic current has the two iso- 
scalar and isovector aspects. 

Because of parity conservation we have only magnetic multipoles. For the 
graph 2-a and its crossed 2-b, the unitarity condition has the well known form: 
for an isospin eigenstate I, the phase of the multipole transition amplitude J 
is the phase of the 7-K scattering amplitude corresponding to the same I 
and the same J (4). The determination of the r-K scattering amplitude 
is in progress (°) and numerical solutions will be shortly given. 

The graph 3 is entirely known from magnetic multipole amplitude for 
photoproduction of pions on pions (°) and from the KK pair production by 
two x-mesons (°). In this diagram the isoscalar part of the electromagnetic 
current only occurs and only one amplitude is affected by this graph. 

We then obtain, in the photoproduction channel, Mushkelishvili-Omnes 
integral equations, coupled by isospin, which we can reduce, after introduction 
of a left hand cut, to Fredholm type integral equations as in the simpler case 
of photoproduction of pions on pions (°). The knowledge of the 7-K phase 
shifts permits, in principle to solve numerically these equations. 


14. — In the two appendices, we have computed the left hand cuts in the 
complex plane of the variable W?—the square of the total energy in the center 
of mass system for the photoproduction channel—due to: 


a) The crossed photoproduction graph 2-b, 
b) The KK pair production graph 3. 


These cuts can be complex and this is a general feature when more than 
two different masses are involved in the problem. In particular this circumstance 
does not appear in all scattering problems. 


2. — Invariance properties. 


2°1.— Let us call the ingoing four momenta for the photon k, for the 7-meson 
q and for the K-mesons p, and p,. 


Fig. 4. 


4 7 À Ta € ZA A Ta 
0) i PAS MEAS ER) K. M. Watson: Annual Review of Nuclear Science, 4 (1954). 
(DAME RD Y. Norror and Pu. SALIN: Diffusion meson r-meson K (Bor- 
deaux, 1959, PTB-1), and Pion-Kaon scattering (to be published) 
6 Not Sul: i ; ae deve 
(5) M. GOURDIN and A. Martin: Nuovo Cimento, 16, 78 (1960). 


(") G. Cuzw, F. Low, M. GOLDBERGER and Y. NAMBU: Phys. Rev., 106, 345 (1957). 
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We define three scalar quantities 
S=— (hr pi)", - kt pi, = (ie Py) 
with, on the mass shell, the relation 
St St = w+ 2x7, 


where 4 is the m-meson mass and x the K-mesons mass. 
We consider three channels: 


Channel T photoproduction of 7-meson (k) + (p,) + (—q) + (— ps) 


Channel IT photoproduction of 7-meson  (k) + (p2) > (—q) + (— 1) 


Channel TIT KK pair production (k) + (9) > (—p,)+(— pr) - 


The general S-matrix element is written in the form 


1 
(220)* (pipe keg?) 


(1) Dy 0 111200) ep) fis 


2°2. — The problem of the isospin dependence of T is the same as for the 
photoproduction of æ-mesons on nucleons. We can define three invariant 


quantities (7) 


Gy = GA = ab G2) __ 
AA = 05, 5 Zi; = alt, tal, Any = 


for the photoproduction of a 7-meson in the isospin state x. The invariants 
FJ” and 7Ÿ correspond to the isovector part of the electromagnetic current 


and 7% to the isoscalar part. We can put 
3=2 
UT 7 ee 
s=0 


The three functions M® are now independent of the isospin. 
In the channels I and II the total isospin can be $ and 3. It is well known 
that the isoscalar part M? contains only I =3 and for the isovector part the 


eigenstates for the isospin are 


(2) M® — MO + 2M® 7 MA — MO MY. 


In the channel ITI, the total isospin is I=0 and J — 1. It is easy to see 
that M® is a pure state I — 0 state, M™ a pure I= 1 state and M a pure 


I =1 state. 
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9°3. — From Lorentz and gauge invariance, if we retain only a first order 
electromagnetic interaction, we can write M® in the following form 


: 1 A 
(3) MO = Di Ea uvo CUS PPS 1/9 (81831) ’ 


where e, is the polarization vector for the photon and the U® three scalar 
functions of s,, s, and t. 


9°4. — We then can cross the two K-meson lines and this is equivalent to 
the transformation: s,<>s,, tot with hermitic conjugation of operators. It 
follows immediately for the scalar functions simple symmetry properties 
{ U (82; Si, i) = (81, Sy, t) ’ 
(4) | UO (825 81, 1) = — U™ (81, 825 È); 
U(s,, 8, 0 = U®(81, 82,1) - 
25. Channel I. — In the center of mass system, the four momenta are 
defined as follows 
k= (k, k), q = (—q, 10); D k, Cx) » 6x = (q, — €); 
with 
= Va +, = Va +x. 


Let us call 0 the angle between k and q, the scalar invariants will be 


[5 = (k + oy)? = (ost a) = We, 


(5) oe così, 


t = (ex — €)? — (k — q)? = 2x2 — 2¢,€, + 2kq così . 


With the gauge e, = 0 and e-k=0, the M® amplitudes, that we call 

Ce; W, così), can be written 

(6) Os) : W. cos W 7 T 

(e; W, cos 0) = = (e, k, q)V®(W, così). 

Because of parity conservation, only magnetic multipole radiations occur. 

We can expand the V® amplitudes in multipoles by (*) 

7 oso Were kqW 

(7) CMle; W, cos 8) = —— Y CP(W}ie:l; Ps(c0s 0x) , 


= J 


(*) R. Stora: private communication. 
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where L, is the incident angular momentum operator defined by L=(1/i)kK <V,; 
if this gradient acts on P,(cos6,,) one obtains 


(8) Ge NW cos 6) us (e, k, q) > CSW) P3(cos 0) . 
J 


2 


In order to calculate the reciprocal relation one uses the following relation 
for the photon polarization 


X (e-L)? = S(T +1) 


and one deduces the amplitude CS (W): 
2J 4-1 1 2 


(y= 0°(W) = do > face P, (cos du) — ie: by) Ce; W, cos 0). 


This expression can be easily transformed with equation (6); after sum- 
mation over the polarizations, the multipole amplitude is given by 


+1 
2J + i È AO) TNA 
sat | 6?) P;(2) VW, “ax . 


—1 


(10) Ce 


The unitarity condition, for the S-matrix has a simple expression if we 
retain only, as intermediate states, the 7+K states. Under this assumption, 
the multipole of order J, in the isospin state I (1=3, 3) has the same phase, 
92 as the corresponding x-K scattering amplitude (Fig. 2). 


If C and CŸ are related to oO and CP by the relation (2), we have 


Im 09 (W) = COW) exp [— iP] sin dp, 
(11) Im 0%(W) = CP(W) exp [— 15] sin 69, 
Im C2(W) = O9(W) exp [— 16] sin db. 


9°6. Channel III. - If K and p are the relative momenta in the center of 


mass system 


\ 


k= (K, K); gel K, ©) ; Di = (— P; — &), Pa = (P; — €»); 


3389 


she 


166 J. DUFOUR, M. GOURDIN and J. TROTIN 
we have for the scalar invariants the expressions 


s, = x*— 2Ke,—2Kp cos ®, 


I 


x2—2%Ke, + 2Kp cos D, 


t= (pr) = (we) 


| 
(12) | 8, 
| 


where © is the angle between K and p. 
We choose the gauge e, = 0, e-K=0 and we call the M® amplitudes 
D®(e;t, cos D). From equation (3) we have 


(13) D®(e;t, cos D) = e,le, K. p) S®(t, cos D) . 


With the same technique used in channel I, we expand De; t, cos D) 
in magnetic multipole amplitudes 


(14) D®(e; t, cos D) = Kpe, > Dit)ie: x P,(c0s Dry) . 
J 


By inversion, the function D°(t) is given by 


+1 
QUIRRA Las 
(15) DP (1) = an »{e — 4?) Pry) SOE, y) dy . 


al 


We study now the unitarity condition. Let us first consider intermediate 
States containing only pions. Because of parity conservation, we must have an 
even number of pions and consequently, such intermediate states proceed from 
the isoscalar part of the electromagnetic current and affect only the D® am- 
plitude. For the other two, the intermediate state of lower mass is a KK 
state and we neglect this. 

It is easy to see that the imaginary part of the multipole J is proportional 
to the partial amplitude F(t) corresponding to the KK pair production from 
two pions (°) and to the multipole of order J, B,(t), describing the photo- 
production of pions on pions (5). We obtain (Fig. 3) 


a x 1 q? : 
(16 Tebe esa (1) * ( 
) PO GE LE Loro. 


8 N TR Te à reg } ) i Si 
(*) M. GourpIN: Lectures given in Corsica Summer School (1960). 
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From the unitarity condition, the phase of B,(t) and F?*(t) is the pion- 
pion phase shift 6)(t). The function Im Dt) is real as expected. 


3. — Mandelstam representation. 


3'1. — In the following, we restrict ourselves to magnetic dipole contri- 
bution only. 

We assume, for the three scalar functions U®, U®, U™, a Mandelstam rep- 
resentation (?). Because of the pseudoscalar character of the z-meson, the 
three pion vertex is forbidden and the Cini-Fubini method of reduction to 
unidimensional spectral representation can be applied (°). We can write 


(17) Us, 89, 1) = 1(81, Zr) + (—1) (8, Za) + g(t, Y), 


where we take for Z,, Z,, Y the cosine of the reaction angle in the center of 
mass system respectively for the channels I, II and IIT. We can expand the 
functions f® and g in Legendre polynomials of Z and Y. For magnetic di- 
poles we only retain the first term of such a development 


(18) U®(8,, 8, t) = 
‘ee 1 1 1 ftt) dt’ 
== (+) dx elle a j 
a fo mali a = nm } t'—t—te’ 
(+2)? See 


3°2. — In order to determine the weight functions + (t) we apply the uni- 
tarity condition in the channel III. From results given in the previous section, 
we have 
EU) Rn RON 
It follows that 
Ta) 0 


and 
IO, T(t) = I Gg B (t) FA*(t) 
OM ail Gor Deas haa eae ? 


with ¢ = 4(q?+ y?) = 4(p?+ x’). 
We have already determined the function B;(t) (°) (5), 


Bib) = DI exp [oi (t) + 101°(t) | P(t) 


(2) M. Cini and $. FUBINI: Ann. of Phys., 3, 352 (1960). 
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and an approximate solution for Ft) E) 

F(t) = A exp [a(t) + cd, (0)]. 
This gives for 7° (t) the form 


1 t—4u? 
167 4pe, 


KONG) = 


(= i) exp [207(t)1®it). 


3 
U 


To describe the contributions from the graph represented in Fig. 3 to 
the photoproduction of pions on kaons, we introduce the real function 


ali r Gay) BI 
(20) b(t) = ( . lu ) Bi ) SE ( ) ae ; 
16z 4p'e, od 
(24)? 


where ¢ is a function of W and così as given in equation (5). 


33. Amplitudes due to the isovector part of the electromagnetic current. — We 
extract, in channel I, the dipole amplitude 0*°(W) following equation (10): 


+2 = 


af , 1 f'o(w*)aw* G'n(s') ds' 
(24) COW) = ie mv) — - | sin 08 c089| (oes ; 


TT W'°_W?—ie An 
(4+ 1)? —1 (4 + pi)? 


The weight functions o(s) and 6°(s) are known by unitarity condition (10): 
(22) a (W*) = Im Of (W) = CP(W) exp [— 16(W)] sin 62(W), 


eee! is the J=1, I=}, 2 pion-kaon phase shift. By crossing, we 
lave (°) 


(23) 


For PE second integral of equations (21) we can define a left hand cut (see 
Appendix I). We put 


+1 


. 3 1 i ? 

(24) da Jens d così a de 
TT 8'— $s, i NEI 
—1 Lys") 


prière the function Æ(s',2)—essentially the Jacobian of the change of 
riable—and the cut L,(s') are defined in Appendix I. 
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With equations (22), (23) and the left hand cut (24) we obtain for CE(W) 
and CF(W) a system of coupled Mushkelishvili-Omnès integral equations: 


(col 


ai CP(W') exp [— 1d (} sin 0 (W' A 
25) mai See pa, 

TT W°_-W?— ie, 

(4+ u)? 
1 » s", 2 

+— | o2(s')ds’ ts des 

TT W?2— 2 
(4+ 1)? L,(s') 


The general solution of (25) is well known 


(26) CW) = exp [oi (W) + id! W)] ory We 5a) 


+ 3 Ah | OO Ww) exp [BUY] sin BCP CMP) A 
std 
(e+ pi? 


The kernel N(W2, W’*) is an integral defined on the left hand cut, 


Lee ye ie We) exp e 
(27) wow, wi) == | es de, 


L,(W'?) 


and @? [W?— (z+ )?] corresponds to the solutions of the associated homo- 
geneous integral equations and consequently depends of the asymptotic be- 
haviour of the x-K phase shifts 69 (W) (1). 

The coefficients 4 are given by crossing properties and equations (2): 


(Cie Ca Ci) 206 (3) LA 
AG, = ut “(©) SH, Ag 3) À 3 


With the trivial change of function 
(28) CP(W) = exp [e (W)+- 0 (W)IPP(W), 


we clearly exhibit the Fredholm form of the integral equation (26) and finally 
obtain, for the real function Y?(W), (1= 3, 5) 


(29) Vw) = OW? — (X+4°]+ 


ue > 22, NW, W!°) exp [of HOW sia OC W' Ow) dw’ . 
1 =4,3 


(4+ po)? 


(2) M. GourDIN and A. MARTIN: Nuovo Cimento, 10, 699 (1958). 
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From the knowledge of the 6{?(W) phase shift one can numerically solve this 
system of two coupled integral equations. Numerical results will be given later. 


3°4. Amplitude due to the isoscalar part of the electromagnetic current. — We 
evidently use for this case the same method as in the previous section. The 
new fact is the two pions intermediate state contribution b(t). In order to 
extract its P wave part, we introduce a second left hand cut L,(x) (see Ap- 
pendix II). We put 


+1 
258 dl Tae i ln) 
30 TES 5 2 d . 06 == = ) 
(30) = [sn 0 cos 0 — ee 
AI L(t’) 


and obtain for the Mushkelishvili-Omnès integral equation, 
1 o ; +1 

A PRES A Cs as By yee 

SHC Me lee (Gli [sine 0 a cos 6 


o(s')ds' [1 (t') di' 
TT —8s,—te 47, s'— 85 t'—t 


G+u)? —1 (x +)? (24)? 


the following solution, after application of the unitarity condition (11): 
(32) CP (W) = exp [2 (W) + id (WP CM), 
where the real function W?(W) is solution of a Fredholm equation, 


(33)  PPCW) = © W?— (x + u)?] + M(W) + 


Lee) 


di J N®(W?, WW?) exp [ab (W')] sin PCW") YAW) AW", 


(+)? 


where M(W) is a known function corresponding to contributions from 
channel III: 


_ 


Qi 


34) M(W) = (2) (4! 7 Et, & n CATIA 
( (W) | | v(t) dt | I) [— 0P(2)] de. 


(24)? L(t") 


4. — Conclusion. 


WG magnetic dipole amplitudes CP(W), C®(W) and 0®(W) satisty Fred- 
holm integral equations (29) and (33). There is no aiMentty in SE le 
to solve such equations, by the determinant method or morera a sa Ra 
ical MST QUE But it is necessary to know. the mK wees ie Da 
mz > KK amplitudes in the states J=1 or equivalently the 7-K phase shifts. 
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This later problem, which is also an intermediate step in the calculation of the 
associated production of strange particles, is difficult because, as in the pres- 
ent one, there are no Born terms. In the other hand, its resolution depends 


of the 7-7 phase shifts and we have not yet in this question experimental data 
but only theoretical speculations. 


APPENDIX I 
We consider the integral 


et 


Sg 1 
HSE È fs f) TED d cos 0, 
—1 : 


where 


So = #7? — 2ke,— 2kq così, 


Sa (Ke) 6p) ND Se Ca) se 


Because of the even character of the integral K(s, 7) we can transform it into 


1 


Boll (x — x?) + 2ke, 
((s, ©) = — | sin? 108 0 
pe feta 5 (æ— #2 + 2ke,)? — 4k?q? cos? 0 4,608 


a 


0 


and the integrand is now a rational quantity in the variable s. We finally 
obtain the form 


1 
3 
ECS, 2) = 5fa — 4?) 
ct 
À 2s[2s(0 x?) + (s — x3)(8 = x2— y?) 


Fi AAA PALAIA AL, 
Bee — 0) + SET E + e te 


We use the auxiliary notation 


N(s,0) = 2s(a—x°)+(s—-x°)($+2x°—w°), 


Dista ur Nes) — ue —x°)"[s (xt u)21[s — (x —u)?], 
and we are interested to the roots in s of the fourth order polynomial D(s,æ;u?). 


A-1. — For u? = 90, D(s, x; 0) reduces to N*(s, #) and the roots are of order 
two. Let us call «,(#) and (7) these two roots. It is easy to prove, with the 
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explicit form of N(s, x) that: 


— they are of opposite sign, 


— they are two decreasing functions Osa: 


Tt is important to note that co[(x+u)]> (x —u)* and to define a value 
of x for which 
h u(x? + xu — ui?) 
a(a)=— 4, = i; oe 


We never can have, with an appropriate choice of values for x and p, 
x, = (x+u)? and this situation is general in a three mass problem. 


A-2. — For w2=1, one root of D becomes — co and another 0. We can 
put 
D(s, ©; 1)=sP(s, 2), 


where P(s, 2) is a second order polynomial with roots d,(z) and d,(x). The 
situation for the position of x,, %, di, d,, is given in the following table. 


TABLE I. — Roots of N(s, x) and P(s, x). 


x | (e+u) wy Lo + co 

DI À SAONA Te 

n APERTE SÙ 

dy d Nod, (a) PONI 0 PON es 
| dy | d A (%#— BPN dx) N 0 


ns quantities introduced in the table are without precise interest. 
We now can discuss » ; di gas i : : 
ow can discuss the roots of D(s, x; uw?) in the various regions. 


With the form given for D(s, x; u?) and the Table I we immediately verify 
the following relations: i 


Dio ru?) =O (EU) ate 
Das, x; wu?) < 0 ey LE, 

D(x,, 4; wu?) > 0 + uP<I<ZW%, 
DO Er ue 0 (x + u°)<@. 
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Region I x>a,: we have four real roots for D(s, v7; u?): 
— 00< HT) < 8 < d\(x) <0< 83 < KM) < 8, < d(x) . 
Region II x,> > &,: four real roots: 
icons dl) == d, (x). . 
Region III «,>x>(x%+)?: the situation becomes more complicated. 


First, we always have two negative roots: 


= Cox S1 < a(x) == So < 0 . 


For the two other, the reality depends of the values of uw? and the situation 
is the following: 


u? 1 ue(x) 0 

83 di(x) 7 d(x) (2) 

Sa | d,(x) N° d;(«) (x) 
= | 2 


for 0< u2< ug(w) 8, and s, are imaginary conjugate of each other. 
We now return to the expression of K(s, x). We take as new variables, 
instead of uw, the roots s; of D(s, ©; u?)—0. With the general form 


Ale) 244 az§ + be? + oz +d 
— Biz)” n+es + fe? +ge+d 


and the roots A(s)—w?B(s) = (1 — u?)(s — 8,)(8 —s,)(s — 83)($ — 84) We put s;,—2 
and use syrametrical functions in order to express the three other roots in 
terms of 2. We finally obtain 

du u(z) de 


eae Ce Ce) Ae): 


If we replace A(z) by N?(2, x), we obtain 


N(z, ©) du 1 u(z) 
(1 — w?)(2 — 83)(2 — 8:)(@ —Sm) 2 N(2) 


u(z) is a positive quantity, in the range 0 —1 


N*(2, &) È 
(2 — #2)2[e — (x +u)?][e — (*— 41] 
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We now discuss the preceding expressions for the three regions and the 
four roots, putting 


N(8;, 0) = o;|N(s;, x) | ; 


where ©; describes the phase of the function N(s;,®). In al cases (s; real or 
complex), w?(z) is a real positive quantity, and the integrand has the expres- 


sion 


u(2) oO; 
Na) [elle +e) |Fle— (eli 


Regions I and II. The four roots are real and localized in the following 
manner: 


Se Cae See (Vee Bye eg =e (Ce) oe 
We easily deduce 
Op, ees Oy = On = — 15 
Region III. For the two negative roots, we have the same situation 
ye AC, Oy ==. 


For s; and s, we divide the range of integration for w in two parts: 


a) U(#)<u<1. s, and s, are real and less than &. The values for w; 
are Os — Di — I. 3 


b) O<u<%uo(£). 8; and s, are complex conjugate and we arbitrary choose 
the roots s, and s,, ©; is then the phase of N(e, x) for one root, the symmetry 
of the final result in s, and s; guarantees its reality. | i 

We are now able to write the function K(W?, x) with a left hand cut 


swe, 2) = [ee de, 


Ly(a) 


with the following notations for H(#, 2) and L,(x): 


pe eG 
2 |@— K?||2— (x + w)2|#|2— (x — |} 
Lia) = La) + Ln), 
where L(x) corresponds to negative roots SACS 
To real cut from — oo to d,(#) for x > x, 
real cut from — oo to 0 for 4, > a> (x+u)? 
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i 


and L(x), corresponding to roots s, and 84, differs in three regions: 


real cut from 0 to d,(x) toria! > i 
L(x) =} real cut from d,(#) to d,(x) LOT ar LT 
complex cut for 4 >x>(x+u). 


dy (x) Ca (x) XX) 


FARI PIE NED IO 


We now have to consider the same type of integral as in the Appendix I 
+1 


SI 1 
Ka) = I sin? § mai così, 
—1 


where 


$s = (k+ ¢,)? = (ao, +e,) = W?. 


| t = 2%? — 2e,0, + 2kq così, 


By symmetry considerations one can obtain the form 


. 3 ee ICED) 
LOT(S. al ac w?) D's, &, w) du , 


with the following notations: 


N'(8, 0) = 2s(a— 2x?) + (5+ x2)(3 + °— 2), 


D'(8, ©; u2) = N%(s, 0) — w%(s—2°)*[8— (+ 15-11. 


If we study the roots of D'(s, x; u?) —0 in s when x goes from 4u? to 
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Loco and u? from 0 to 1, there appear three regions: 
Region I x > 4x? 4 real negative roots, 


D ET 2 + OF tone 2 real negative roots, 

egion 2S i> ipo re HU? : 

9 2 : xe #2 complex conjugate roots, 
Region III 4 >x> 4p? 4 imaginary roots. 


We then can define a left hand eut which can be complex and we write 
K'(s, x) in the form 
1 FA, 2) 
K'(W?, «) =— =e 
( ’ ) 7 W2— 2 de, 
D(x) 


where E(#, 2) has the same definition as in the first Appendix, with, for w?(2), 
the new expression 

iN? (2,0) 
[rl (ele = &— wl” 


u?(2) = 


Let us call «(x) and «,(#) the roots of N’(s, 7) —0, d,(x), d.(x) and zero 
the roots of D'(s,x,1)—0. The ways of integration L,(#) in the complex 
plane of the variable +, depend on the values on # and are defined as follows: 


Region I: We have two real cuts from — co to di(#) and from 0 to d,(æ). 


-- è 


= + c_ede=3 
x dy (x) d2 (x) a(x) O 


Fig. 6. 


> 


Region II: The roots d,(#) and d,(x) become complex. If we call d,(x) 
the root of order two of D' corresponding to u?— uë(æ) we obtain a complex cut. 


a (x) 


= a 
ax) dx “mn “ii 


d 2(x) 
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Region III: «,(#) and æ,(æ) become also complex conjugate and we obtain 
the following cut: 


Im 


The directions indicated on the previous figures correspond to the varia- 
tion of w? from 0 to 1. 


RIASSUNTO (*) 


In questo scritto ci si propone di trattare, con la tecnica di Mandelstam, la foto- 
produzione dei mesoni 7 sui mesoni K, necessaria allo studio della fotoproduzione di 
mesoni K sui nucleoni. Limitandosi agli stati intermedi di masse più basse e conside- 
rando solo la transizione dipolare magnetica, si ottiene per le due ampiezze dovute 
alla parte isovettoriale della corrente elettromagnetica due equazioni integrali accop- 
piate di Mushkelishvili-Omnès e per l’ampiezza dovuta alla parte isoscalare una equa- 
zione dello stesso tipo. Queste si riducono a delle equazioni integrali di Fredholm. 
La conoscenza delle soluzioni approssimate per la fotoproduzione dei mesoni 7 sui me- 
soni x e gli sfasamenti P della diffusione mesone z-mesone K permetterà di risolverle 
numericamente. Questi ultimi calcoli saranno dati successivamente. 


(*) Traduzione a cura della Redazione. 
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Phenomenology of Y-Nucleon Scattering (*) (°°). 


MAT'AVATNGENI) 
Department of Physics, Purdue University - Lafayette, Ind. 


(ricevuto il 20 Giugno 1960) 


Summary. — A discussion is given of some phenomenological aspects 
of Z-nucleon scattering. It is noted that with L*+ beams likely to be 
available in the near future, triple scattering experiments are only slightly 
more difficult than single scattering experiments. A method of deter- 
mining separately 'S and 38 phase shifts at low energies is noted. A dis- 
cussion is given of the qualitative features of low-energy X-nucleon scat- 
tering to be expected if one or the other of the global symmetry models 
Goo +G,n is valid, and possibilities of distinguishing between the 
two cases are examined, utilizing the Mandelstam representation for the 
scattering amplitude, some consequences of which are derived in the 
appendix. In particular, the analytic properties of the partial wave 
amplitudes are deduced; it is found that owing to the unequal masses 
of © and nucleon, the singularities of the partial wave amplitudes do 
not all lie on the real axis in the complex plane of the energy variable. 


1. — Introduction. 


It is quite appealing to suppose that there exists a universal pion-baryon 
interaction of the form 


Ub) Wie Gp yp NTN +7 => G3= Et: En + G,(ZA-m+h.c) + iG,y2xZ-x, 


with simple relationships between the coupling constants. Gell-Mann for in- 
stance, has proposed the relations (1) 


(2a) Cry Gay = Gey = Gen = @ 


) Based on part of a Ph. D. thesis submitted to Purdue University. 

) Supported in part by the U. S. Air Force Office of Scientific Research. 

(7) Now at Physics Department, University of Pennsylvania, Philadelphia, Penn. 
) 
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whereas the seven-dimensional charge space formalism of Peaslee (?), on the 
other hand, contains a universal pion-baryon interaction in which the rela- 
tions 


(25) Guy =— Gy = Gg = GG, 


are satisfied. 

The principal evidence to date supporting one or the other of these pro- 
posals is the experimental data on A-hypernuclear binding energies (*). Several 
authors have shown (*) that the data are not inconsistent with either of the 
assumptions (2a) or (26) (the sign of Gay per se is not observable), but no re- 
liable quantitative estimate of the magnitude of @ ax Can be made, owing both 
to the lack of knowledge of the detailed behavior of the hyperon-nucleon po- 
tential at small distances, and the uncertainties in relating hypernuclear 
binding energies to the strength of the two-body potential. 

The present note is a discussion of some of the qualitative features of 
X-nucleon scattering which may provide evidence on the sign and rough order 
of magnitude of G,,; the possibility of distinguishing between (2a) and (2b) 
from the behavior of X-nucleon scattering in the state of isotopic spin 3 is 
examined in some detail. 


2. — Phenomenology of X-nucleon scattering. 


In so far as charge independence is valid, the X-nucleon scattering matrix 
can be decomposed into a matrix for isotopic spin 7—4 and a matrix for 
T=; below the threshold for the process 


(3) D+HN->A+N+7x 


the T= 3 matrix describes purely elastic scatterings while even for zero kinetic 
energy >, the unelastic process 


(4) ANT AGN 


in the T= 4 channel is energetically allowed. ‘While this latter process is of 
interest in itself, it makes the analysis of the elastic scattering more compli- 


(2) D. C. PHASLEE: Phys. Rev., 117, 873 (1960). 

(3) These data have been summarized by R. H. DALITZ: Proc. of the Kiev Conference 
on High-Energy Physics (1959). 

(4) D. B. LICHTENBERG and M. Ross: Phys. Rev., 107, 1714 (1957); F. FERRARI 
and L. FONDA: Nuovo Cimento, 9, 842 (1958); R. H. Daritz and B. W. Downs: Phys. 
Rev., 111, 967 (1958); and M. T. VAUGHN: Purdue University Ph. D. thesis (1960). 
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cated; consequently, attention will be confined here to the elastic X-nucleon 
scattering in the 7= 3 channel. 

Since the Pauli principle does not restrict the allowed spin and angular 
momentum states of the Y-nucleon system, measurement of the differential 
scattering cross-section only does not suffice to uniquely determine the scat- 
tering phase shifts, even in the low energy limit when only S-waves are im- 
portant. Consequently, experiments must be performed in which either the 
incident beam of X-particles is polarized and/or a measurement is made of 
the polarization of the scattered beam of >. 

Fortunately, such experiments seem just as feasible as the simple scattering 
experiments in which no measurement is made of the polarization of the & 
(either in the initial state or in the final state). It is known from the work of 
Coon et al. (5) that the reaction 


(5) Tr Die i ae 


with T#—1.0GeV produces a polarized beam of X*-particles (9); further- 
more, the observed asymmetry (5) in the decay X*->p+r° allows an anal- 
ysis of the state of polarization of a X* beam. 

Then for the elastic X*-p scattering with a polarized X* beam, the fol- 
lowing quantities can be measured: 


a) The differential scattering cross-section 
(6) (9, œ) = 1,(9)[1 + P(0)P-n], 


where P is the polarization of the incident =* beam, n is the unit normal to 
the scattering plane, P-n= P cosy. From this can be determined the dif- 
ferential cross-section J,(0) for scattering of an unpolarized beam and the 
polarization parameter P(0) for X*p scattering. 


b) The average polarization <P,(0)) of the scattered Xt beam, defined by 


(7) deal = {fre ®) P;(0, y) ta || [no P) n 5 


(5) R. L. Coot, B. Cork, J. W. Cronin and W. A. W : 
sa en . A. WENZEL: Phys. Rev., 114, 
| (5) It is of course to be noted, however, that the X* beam produced by reaction (5) 
will have laboratory kinetic energies > 200 MeV, so that in order to observe low 
energy xp scattering, one must use a XY beam from a reaction such as K4+p>X'+r- 
(in flight); this may produce a polarized X* beam at moderate K- energies 
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defines a quantity Q(0) by 


(8) T,(0)<P,(0)> = Q(0)P . 


Note that a determination of the ratio Q(0) /I,(0) requires only a measurement 
of the ratio of the up-down asymmetry (with respect to the plane of production 
of the 27) of the decay protons from the X* scattered at an angle 0 to the 
same up-down asymmetry, for the unscattered X* beam; no a priori knowledge 
of either the asymmetry parameter x for the X* decay or the polarization of 
the incident X* beam is needed. 


c) A further subdivision of the data leads to a determination of the 
triple scattering parameters D(0), R(9), 4(0); this, however, yields no new 
information at low energies, in which we are primarily interested here (7). 


The non-relativistic transition amplitude M for Y-nucleon scattering in 
the T—% channel at a fixed energy can be written as a matrix in the spin 
space of the two particles; this matrix can be decomposed in a well-known 
way into a linear combination of invariants constructed from the spins and 
momenta of the particles (8); write 


(9) MES M,(0\ 05, 


where 0 is the c.m. scattering angle; the 0; are taken to be 


0, == | 5 C= (Gy -- ov) -n/V2, 
(10) 
O3 =Oy'NGy "Nn, 0,= 06; 46 y'a, O0,=G5'SG y's, 


where Gy, cy are & and nucleon spin operators, gq, s are unit vectors in the 
direction of p'— p and p'+p, respectively (p, p' are the initial and final mo- 
menta of the X in the c.m. system), and n is a unit vector in the direction of 
pXp'. (An additional term of the form M;(0)0, with O,= (6,—6,,):n/V/2 
may in principle be present here; in the presence of such a term, the polar- 
izations of the scattered X and recoil nucleon are not equal, even if the incident 
Z beam is unpolarized. However, M,(6) is presumably of order (my—# w)/ 
(my +m x) relative to M,(0), and is neglected here; the necessary modifications 


() Triple scattering is fully discussed by L. WOLFENSTEIN: Ann. Rev. Nucl. Sci., 
6, 43 (1956). 

(8) This decomposition has been given previously by many authors; see, for 
example, M. GOLDBERGER, Y. NAmBU and R. OEHME: Ann. Phys., 2, 226 (1957), 
which contains references to earlier work. 
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of the formulas presented here, should this term prove to be not negligible, 
‘ are quite straightforward.) 
The observables of interest are given by (°) 


5 


(11) 1,(0) = X1M,(0) |? 
(12) Ì,(0) P(6) = Re [M,(0) + M,(0)1M,(8)/V2, 


G3)  Q(0) =| M,(0) |? (1 — cos 8) | (9) 2— 3 (1 4- cos 0) | (0) |? 


4 


Of particular interest is the low-energy limit of eqs. (11)-(13), when only 
S-waves are scattered appreciably; the observables are then given by 


(14) I,(0) = (3 sin? 6,+ sin? 6,)/4p°, 
(15) P(0) ==0, 
(16) Q(0) = [sin? 6, + cos (6,-- 6,) sin 6, sin 6,]/2p?, 


where ò,, à, are singlet and triplet S-wave phase shifts (more precisely, à, is 
the x-eigenphase shift in the even parity J=1 channel, which is a mixture 
of 38 and *D wave) (1°). 


3. — Qualitative features of »-nucleon scattering arising from a universal 
pion-baryon interaction. 


If it is assumed that the pion-hyperon coupling strength is of the same order 
of magnitude as the pion-nucleon coupling strength, and if it is assumed that 
the K-meson exchange contribution to the X-nucleon interaction is small 
(<15%, say), then several remarks can be made about the qualitative features 
of the Y-nucleon interaction in the T=3 state. One must distinguish be- 
tween the cases Gy. & + Gyo. 

If Gyy 2+ Gy», then the pion exchange contribution to the T= 3 X- 
nucleon interaction is similar to the T—1 nucleon-nucleon O In 
particular, the interaction in the singlet state will be quite strongly attractive, 


(?) WOLFENSTEIN (7) h 
to the transition matrix. 

(°) The possibility of distinguishing sing 
the low-energy limit by measurement of Q(0) 
WELTON: Phys. Rev. Lett., 3, 281 (1959). 


as given a general discussion of the relation of observables 


let scattering and triplet scattering in 
has been noted also by GARDNER and 
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perhaps strong enough that a bound 1S, state can exist (11). In the triplet 
state, the interaction will be rather weak (corresponding to the triplet odd 
parity nucleon-nucleon interaction without spin-orbit force)—the central po- 
tential contains a small repulsive term from single pion exchange and a small 
attractive term from two pion exchange, where the tensor force is weaker 
(by a factor of about three) then the tensor force effective in the deuteron. 

Consequently, one can expect to find that the major contribution to the 
low energy scattering will come from the singlet spin state, and, in the absence 
of a bound state, there should be a peak in the singlet cross-section corre- 
sponding to a virtual level at low positive energy; the triplet scattering is quite 
likely to be small enough that, in spite of its greater statistical weight, it does 
not obscure the peak in the singlet cross-section. 

In the case Gy, — Gy», corresponding to the pion-hyperon interaction 
of Peaslee’s seven-dimensional charge space (?), the sign of the contribution 
to the potential from exchange of an odd number of pions is reversed, while 
the sign of the even pion exchange contribution is unaltered. In this case, 
both the one and two pion exchange contributions to the triplet central po- 
tential are attractive, though still rather weak. The one-pion exchange tensor 
force is of opposite sign, this is of little consequence at low energies, however, 
when only an effective #8 phase shift can be measured. The singlet potential, 
on the other hand, is rather weaker in the present case, owing to the fact that 
the large attractive two-pion exchange contribution to the potential is par- 
tially cancelled by the now repulsive one-pion exchange potential. This in 
the singlet state, the scattering should be considerably smaller in the case 
Ass © — Gyy; in particular there should be no bound state or low energy 
virtual state, and the singlet and triplet scattering should be of the same order 
of magnitude (1?). 

Thus, for example, a measurement of the low energy total scattering cross- 
section and a measurement of the ratio 

Q  2ai + 2a,a, 


nD) eg ey 3a; + a} 


at zero kinetic energy (a,, a, are the singlet and triplet scattering lengths; 


(11) Several authors have discussed the possible existence of such a bound state: 
see D. LICHTENBERG and M. Ross: Phys. Rev., 107, 1714 (1957); F. FERRARI and 
L. Fonpa: Nuovo Cimento, 6, 1027 (1957); M. VAUGHN: Bull. Am. Phys. Soc., 2, 353 
(1957); and G. A. Snow: Phys. Rev., 110, 1192 (1958). 

(2) The unknown behavior of the potential at small distances may play a crucial 
role here — it is quite possible that the net effect of the one and two pion exchange 
contributions may be to give a small low energy 1S phase shift; on the other hand, 
it is also possible that the repulsive core in the y-nucleon potential is perceptively 
weaker than the well-known core in the N°-N potential. 
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respectively) should suffice to distinguish between the two possible relative 
signs. 

Tf in addition, the energy dependence of, say, the !S, phase shift can be 
measured with sufficient accuracy that a rough determination can be made 
of the parameters @,, ros, Ps of the effective range expansion (1%) 


(18) p ctg d, =— — a +5 pid TORI 


then the sign of G,yG@yy can be extracted by a procedure used by CINI, 
FUBINI and STANGHELLINI in the analysis of nucleon-nucleon scattering (1), 
which is motivated by, but not dependent on the complete validity of, Man- 
delstam’s conjecture on the analytic properties of scattering amplitudes (*°), 
which is specialized to the case of Y-nucleon scattering in the Appendix. 

One attempts to fit the data with a function of the form 


Peer 


re 7s 2 es to = ar __ ee. a 
(19) K(p°)=pctgò, D+; spin. (1 + Dp?) ~ 


If 1D, !G, ... phase shifts are negligible at energies in which the last term in 
eq. (18) is observable, then the analytic properties of the singlet scattering 
amplitude at 0 = 90° imply 


(20) /2K(—4m?) =—m,, 

ue 1 1 

(21) K (mt) =" + oa, 
4 y m ANA 


where y is proportional to the product GG vv; an explicit expression for y 
is given in the Appendix (eq. (A.19)); here it is merely noted that y is posi- 
tive if Gy Gy is positive, and negative if GsxGyy is negative. 

The parameters P,, D are then given by 


L AS Ma |? 
1 SER 71 Mn Vos — 7 
(22) = mr8,P,— 1 v2 
T' Os s 
4 Lin? MEN 3 


2 SE Mi IMI 
1 a. “E 4 Ma Os =e Goa 9 > 
(23) = Mr D = al ve 
2 num, 
Gp 2y 24/2 
DJ. Mr Bratt and J-D. JACKSON: Phys. Rev. 


fae > , 16, 18 (1949). 
n CINI, S. FUBINI and G. STANGHELLINI: Phys. Rev., 114, 1633 (1959) 
(5) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958) i 
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In proton-proton scattering P, is known to be small and positive (~ .03) (ate) 
and for the T= Y-nucleon scattering, P, is also likely to be positive if 
GsyGypy >0; on the other hand, if Gsy Gp p< 0, Ps will certainly be neg- 
ative, and somewhat larger in magnitude. 

A crude estimate of the difference in the 18, phase shift between the two 
cases can be made with the aid of a simple boundary condition model: it is 
supposed that the potential for r<7r,~1.0f is independent of the sign of the 
pion-hyperon coupling constant, while for r<yr, the potential is given ex- 
actly by the one-pion exchange potential; for a given boundary condition on 
the wave function at r= 7, the WKB approximation can be used to deter- 
mine the difference between the phase shifts associated with the two choices 
for the sign of the one-pion exchange potential in the outside region. For 
|Gsyg Gy yp| 15, the difference between the two phase shifts at 7? = 40MeV 
ise 11° (7, —1.0f) or 17° (yr, = 0.7f), while at TE = 100 MeV, the .differ- 
ence is & 8° (r, =1.0f) or &12° (ro = 0.7f). Thus it will probably be neces- 
sary for the experiments to determine the 18, phase shift at 40 MeV, 
say, to within (4--5)°, in addition to the scattering length and effective 
range. 

An alternative possibility for determining the product G,,Gyy from 
hyperon-nucleon scattering (X*-p scattering in particular) is a complete triple 
scattering experiment at TE, —(200--300) MeV (the lower end of this energy 
range is preferable, since the reaction X*+p—A+p+rt will almost cer- 
tainly be important near 300 MeV). Such an experiment may well prove more 
feasible, due to the fact that, as explained in Section 2, triple scattering exper- 
iments with a X* beam are only slightly more difficult than ordinary single 
scattering experiments, and a &* beam with lab kinetic energy of (200 +300) MeV 
is more readily available than a low energy X* beam. A straightforward phase 
shift analysis of such an experiment, along the lines of recent analyses of the 
310 MeV p-p scattering data (7) should then yield the sign and magnitude 


of GsyGypyp- 


The author takes pleasure in thanking D. C. PEASLEE for suggesting this 
problem, and for interesting discussions. 


(15) H. P. Norns and D. Y. Wone: Phys. Rev. Lett., 3, 191 (1959). 
(1?) P. Czirrra, M. MacGREGOR, M. Moravcsix and H. Stapp: Phys. Rev., 114,. 
880 (1959); M. MacGREGOR, M. Moravosik and H. Stapp: Phys. Rev., 116, 1248 (1959) 
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APPENDIX 


Application of the Mandelstam representation to X-nucleon scattering. 


Consider elastic Z-nucleon scattering; let p, p'; q, q' be the initial and final 
four-momenta of the nucleon and the X, respectively; introduce the usual 
scalar variables 


(A.1) s=(p tar, t=(@—py, t= @—py. 
These are related on the mass shell by 
(A_2) s+th+t,=2(My+ my). 


These variables are related to the barycentric momentum p and scattering 
angle 0 by 


(A.3) s = (BB +4 EN), 
(A.4) t, =— 2p*(1- così), 
(A.5) t, = (EE — EN)? — 2p°(1 + così). 


Now p? can be expressed in terms of s as 
(A.6) p? = [s?-- 28(m} + mp) + (mi — mip)" I/48 , 
so that t,, t can be expressed in terms of s and = così as 
NAST) t, = — [s? — 2s(m3, + mi) + (mi — mie)](1— §)/28, 

Q Par. és G Pe 2 ¢ 2 22 
(A.8) tp = —[s — 2(m& + mp)] (1 + 6)/2 + (ms — my)? (1 — €)/2s . 

Consider now the amplitude A,(s, cos @) for X-nucleon scattering in a 
state of isotopic spin 7. This may be considered as the amplitude for scat- 
tering of spinless particles, or as one of the six invariant amplitudes asso- 
ciated with the scattering of two spin 4 particles (18). The conjecture of Man- 
delstam (1), applied to the present problem, is that the only singularities of 


the scattering amplitude considered as a function of two complex variables, 
consist of poles for 


and branch cuts along the lines 


(*) These are essentially the G;(v, Q?) of reference (5), except that there are now 
six invariants instead of five. 
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where to, = 4%, toy = (Mr Mr) and s = (m,+my)? for T=4, s=(my+my)? 
for+E= 3: 

Repeated application of Cauchy’s theorem then yields for A,(s, cos 0) the 
integral representation 


» ing =: Ta | (8, ta) 
(A.9)  Ag(s, cos 0) = ri wey ‘jo (o cem 


A,.(s Te 
ds’ | dt dt; | dt sey 
+ far fa A ween il Le AT E 


So too 


where the residues I, 1% are proportional ti Ggy@ yp », and Frs, with con- 
stants of proportionality depending on the spin and isotopic spin state under 
consideration; possible subtractions which may be required have been sup- 
pressed because they do not alter the analytic properties of the scattering 
amplitude. 

The analytic properties of the scattering amplitude for fixed real & (|£|< 1) 
considered as a function of the complex variable s are then readily obtained 
by locating the points where the denominators of (A.9) can vanish. This is 
most easily done by writing 


(A.10) Pts 8e (lig Sr (2s 
(A.11) t, — ty = [8 — 83 (te) [8 — 82 (t2)]/28, 
where 

(A2)  (1—&)stt) = (m5 + mip)(1— 6) tnt 


+ {[(mm + mp (1—- &) — GP — (my — mA — 6}, 


(A.13) A + Est) == (mi + me) — &)—te+ 
+ {[(m% + mi) + È) — te} — (Mi — mip Pl 5}. 


Then for fixed real £, the representation (A.9) can be transformed to 
2028 | 258 ; 
[s — s¥(m2)][s — si (mò) [x — sf (mE) — 82 (mi) 


[co] 


| fasi Att) (Al #)] 
ef —s | «ea Ca ah iy ahs 


al 


| 


(A.14) A,(s, 8) = 


Ly 
ds} oper 2) | 


si 


Asia 
83 (8; — 8) 


So 
foe} 
x ds’ | 4 APSE ty) | 1 
ne = tels a “densa 
; Sd s| Salsa) S) So (Sg — n 

So 

Ls 
15 
8 


, nor i ALAN 
(s; — 282 —S$ ; 


a 


a À 19 di A — 
=. as as 5) 
Ly 
HE 
—s) . 
La 
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where the dependence of sr, sé and the contours of integration Ly, LAON 
has not been written out explicitly. 

The contours Là, Lf are the curves in the complex planes of the variables 
si, sy defined by 


Le te Aine) i, OO, 


=i ! 
HE 1 
A.15 E ‘ 
aoe ae = Ge (mx + Mn)? < p< 00, 


with s¢(t;), s¥(tz) given by (A.13). 

This representation exhibits explicitly the singularites of A,(s, cos 0) for 
fixed real cos. The precise location of the singularities depends on così: 
in the forward direction, the K-meson pole lies closest to the physical region 
s>(my+my), but the next singularity (the branch cut associated with the 
K-+x intermediate state) is not much more distant from the threshold of the 
physical region, and it does not seem possible to derive any practical benefit 
from the presence of the pole; in the backward direction, the pion pole les 
closest to the physical threshold, and the next singularity (the two-pion branch 
cut) is about four times as far away from the threshold, so that a suitable 
extrapolation procedure may permit determination of the residue at the pole, 
provided sufficiently precise experimental data can be obtained. 

For 0 = 90°, the pion pole is still much the nearest singularity, and extra- 
polation to the pole can in principle be carried out by the procedure of CINI, 
FUBINI and STANGHELLINI (14); it is relevant to note that the position of the 
pole is at 


(A.16) s = st(m2) = mt + mp — mi + {[m + mip — mil — (me — mi}? 


and the residue at the pole is given by 


ot (yy 
(A.17) PE i T,si (mi) 
{[ms + map — m2]? — (m& map) 
For the T — 3 singlet scattering amplitude, the residue at the pole is 


given by 


iso tr aH da (ca): 


An 2m y) \2my 
[2] 7 
xt 2M MN ist (m2) jt 
2 5 ; $i (mz) À 
{ms + mi — mi} — (mi — mi) 2 (Mn) I"; 


ee kinematical factors have been included. It is also to 
e noted that considered as a ti pi i 
ed as a function of w = #?, the scattering amplitude 


for 0 — 90° has a pole : = - Ì 
9=90° has a pole at © =—4m?2, the residue y being given by 
di Y 
(A.19) y= Guz 2208 ( Ma Ma | MyM yp 
AT 2m yp 2Mms [st(mt)}} 
for the T= 3 sing] S Ing i 
=F f et scattering : le i i Ì 
E g g amplitude T,, (©, 90°), which is approxi- 
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mated by 


xp [76,] sin 6 
(A.20) Tel, 90°) = EP es anes 
) 


if the 1D, !G, ... phase shifts are negligible; it is then easy to derive eqs. (20) 
and (21) by the methods of reference (11). 

The analytic properties of the partial wave amplitudes A,,(s) can also be 
derived from the representation (A.9) by observing that (19) 


1 


(A.21) Ans) 1[ Ants cos 0) P;(cos 0) d(cos 8) . 


—1 


Since (A.9) exhibits explicitly the dependence of A,(s, cos 0), this integral 
may be done by noting that 


RD CA coh), 
(A.22) 


i, — t, = D(s)[A, — così], 


where D(s) = [s?— 2s(m3,+ mi) — (m}— m%)7]/25, and 


and making use of the well-known integral 


1 


__1 f P,(cos6) aul 
(A.24) OA) = 5 fe d (cos 0). 


—1 


The singularities of the partial wave amplitudes A,,(s) in the complex 
plane are then seen to consist of the three curves Ci, C,, C; defined by 


C,: the straight line 5 <s< 00, 
(A.25) O,: the curve s =s(4,)(—1<4,<1), 


C;: the curve s =s(A4,)(—1<4,<1). 


(19) The author is indebted to A. KLEIN for suggesting this starting point. 
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These branch cuts cover the lines Li, La; Ly detimed py, 


L,: the straight line sp SISI 
(A.26) L,: the straight line — oo < $ Sh 

Iz; the circle |s| = m—m>y, 
where 


fd 2 È 2 2 2 
Cena mi — IM + {m&+ map — Imi) — (m&— mir}. 


These singularities have also been noted by MACDOWELL for the pion-nucleon 
partial wave amplitudes (with appropriate modifications in the mass spec- 
trum) (7°). 

In a practical application to low-energy S-nucleon scattering, it is more 
convenient to consider the amplitude as a function of the variable © = p?; 
if the contributions from K-meson intermediate states are neglected, the sin- 
gularities of the partial wave amplitudes in the complex @ plane are branch 
to = co = dm and) wc Lhe procedure of NOYES and 
Wonca (15) can then be used to obtain an improvement on the effective range 
formulas by taking the one-pion branch cut into account exactly; the results 
of reference (14) and the present note follow if the one-pion branch cut is 
replaced by a phenomenological pole at @ — — km? (21). 


(20) S. MAacDowELL: Phys. Rev., 116, 774 (1959). 
(21) H. P. Noyes: private communication. We are indebted to Dr. NoyEs for a 
discussion of this point. 


RA ASS WNT One) 


Si presenta una discussione di aleuni aspetti fenomenologici dello scattering dei 
nucleoni ©. Si nota che con raggi ©*, che verosimilmente saranno disponibili nel pros- 
simo futuro, esperimenti di scattering triplo sono solo di poco più difficili degli espe- 
rimenti di scattering semplice. Si nota un metodo per determinare separatamente gli 
spostamenti di fase 1S e 38. Si presenta una discussione delle caratteristiche quali- 
tative dello scattering a bassa energia Y-nucleone, che si devono avere se l’uno o l’altro 
dei modelli di simmetria globale G.y& +0, è valido, e si esamina la possibilità di 
distinguere fra i due casi, utilizzando la rappresentazione di Mandelstam per l’ampiezza 
di scattering, aleune conseguenze della quale sono dedotte in appendice. In particolare 
sì deducono le proprietà analitiche delle ampiezze d’onda parziali; si trova che, per 
la ineguaglianza delle masse del © e del nucleone, le singolarità delle ampiezze d’onda 
parziali non giacciono tutte sull’asse reale nel piano complesso della variabile dell’energia. 


(*) Traduzione a cura della Redazione. 
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dalla Direzione del periodico ai singoli autori) 


Classification of Gravitational Radiation (°). 


J. WEBER and D. Zipor 


University of Maryland - College Park, Md. 


(ricevuto il 13 Giugno 1960) 


PETROV (!) proved that by a suitable orientation of the reference tetrad the 
Riemann tensor may be reduced to one of three canonical forms, in a six dimen- 
sional representation. Later PIRANI (?) showed that gravitational radiation is present 
if the Riemann tensor is of type II or III, but not if it is of type I. It is the purpose 
of this note to show that all gravitational waves which are locally plane at some 
given point have a Riemann tensor there which is of canonical form of type II, 
with both invariants equal to zero. 

We introduce a geodesic coordinate system, with pole at the point where the 
wave is locally plane. Let the x° direction be the direction of propagation. The 
quantities g,,,, x2 and g,,,,; vanish. With these assumptions, and the use of Einstein’s 
vacuum field equations R,,—9 it then follows without approximation that in a 
locally Lorentz frame all components of the Riemann tensor vanish except the 


following ones 


al 
Ri220 = 392210 


= 1 ee c= aes 
P9209 = — $922.00 R230 = 2923.10 Rose = — $922,11 
(1) 1 1 1 
Ex030 = — 2923.00 Py329 = 923,10 Fins = — 392311 
a 1 AT ee 
R330 = — 3933,00 P3390 = 2933.10 Kiss = 2 33,11 
and 
(2) 922,00 + 933.00 = È - 


(*) Supported by the National Science Foundation. 
(1) A. Z. PETROV: Sci. Not. Kazan State Univ., 114, 55 (1954). 
(2) F. A. E. PIRANI: Phys. Rev., 105, 1089 (1957). 
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In the six dimensional description the Riemann tensor therefore assumes the form 


0 0 0 0 0 0 

0 — 393311 392311 0 — 392310 — 393310 

0 39231 — 39211 0 $922.10 $9 28:0 
ie er 0 0 0 0 0 

0 — 392310 £92210 0 — 3922.00 — $923,00 

0 — 393310 392310 0 — 3 923.00 — 3933,00 


The terms involving g,,; may be made to vanish by rotation of axes in the 2, 3 plane. 


Making use of (2) and noting that guy,11= — Juv.10 = 9 yv,00 then enables (3) to be written 
0 0 0 0 0 0 
0 Se 0 0 0 3933.11 
0 0 393311 0 2933.1 0 
ay Ait 0 0 0 0 0 
0 0 39331 0 393301 0 
| 0 393311 0 0 0 — 39331 


Comparing (4) with Petrov’s canonical forms (?) shows that (4) is of type II 
with x=B=0, 0=933,;1- We may conclude that (4) is valid asymptotically for the 
gravitational radiation from all physical systems which are not cosmologically large. 

We emphasize that these relations follow without approximation, from the 
assumption that the waves are locally plane. This argument shows that any type III 
solutions always must become vanishingly small compared with the type II part 
whenever the wave approaches planeness in some given region. 

For weak radiation fields, with second derivatives of g,, going to zero as 1/r, 
TRAUTMAN concluded that the Riemann tensor is also Petrov type II. Our result 
is somewhat different from that of Trautman since the requirement of local pla- 
neness does not necessarily imply weak fields in the 1/r zone. 


(3) A. TRAUTMAN: Bull. Acad. Sci. Polon., 6, 407 (1958). 
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mm Interaction in Peripheral x.N Collisions. 


D. I. BLOHINGEV 


Joint Institute for Nuclear Research - Moscow 


(ricevuto il 18 Luglio 1960) 


New experimental data on inelastic 
TN interaction (the momentum of pri- 
mary pions being about 7 GeV/c (1)) 
make it possible to apply the nucleon 
model described earlier in (2) for a more 
fundamental estimation of zz interaction. 

As the latest calculations show (3), 
the contribution of xx interaction to 
elastic 77 scattering at the pion energy 
ot (5--6) GeV/e is not great. Therefore, 
the accuracy of determining nr inter- 
action from elastic 7.N scattering is 
extremely low. 

Further, it should be noted, that 
since 7-mesons are pseudoscalar, the 
nuclear charge of nucleons g is equal to 
the nuclear charge of antinucleons g 
(in case of scalar interaction they would 
be opposite). Therefore, in the pion 
dissociation ==> V+. the nuclear mo- 
nopole (but not a dipole) is formed, and 
the interaction between this virtual pair 
and a 7-meson must be quite comparable 
with x.N or tN interactions. In view 
of this, an estimate of the cross section 


(1) V. A. BELYAKOV, WANG SHU-FENG ef al.: 
JINR (Dubna, in print). 

(?) D. I. BLOKHINTSEYV, B. M. BARBASEV 
and V. S. BARASENKOV: Nuovo Cimento, 10, 
602 (1959). 

(3) WANG ZHUNG: JINR (Dubna, in print.) 
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for zz interaction made by us before- 
hand (?) gives only the lower limit. 

The contribution of xx interaction 
to inelastic ~N scattering accompanied 
by meson production turns out to be 
not small (cfr. (*)). Therefore, this 
scattering may be more successfully used 
for the determination of mz interaction. 

The density of charged z-mesons in 
the single-pion region r > h/me (r is the 
distance from the nucleon centre, m is 
the pion mass) in the nucleon model 
described in (2) may be approximated by 
the formula 


(1) nr) = 
0.15 me)? / 6 exp[—2(£—1)] 
_ 4n\& (Ga & ; 


where E=1/(h/me). The absorption coef- 
ficient of pions, the collision parameter 
being b > h/me, will be equal to 


where o,,, is the cross section for pion- 
pion interaction, the factor 3 takes into 
account neutral mesons. 

The partial cross section for the pion 
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interaction with a nucleon may be written 
as 2b db C(b), where ¢(b) is the pion ab- 
sorption coefficient along the path cor- 
responding to the collision parameter b. 
As k(r) is small in the peripheral region 
(in the «atmosphere ») of a nucleon 


(2) :0) = freres, 


where S is integrated over the pion path 
corresponding to the collision para- 
meter b. The total cross section for the 
peripheral collision (b > h/me is equal to 


(co) 
= 2a [1 db E(b) . 
lì ‘me 


A numerical calculation of this in- 
tegral under different assumptions on 
the cross section o,, yielded the fol- 
lowing data: 


Ge MOY o | 25 a 50 mb 


lo) 9.14 mb 0.35 mb 0.70 mb 


e 


On the other hand, from the data 
of (1) the cross sections for the processes 
t-+p-p'+7'+r’+... when the mo- 
mentum transfer (p,< mc) and the ki- 
netic energy transfer (AT < mc?) are 
small, is 


340.5) mb. 


On-sptn' tn in" +. = (1. 


However, it is impossible to distinguish 


experimentally the processes with an 
even number of pions m'4r"+... from 
those with an odd number. According 


to the average multiplicity of neutral 
mesons ? ,— 1 one can draw the conclusion 
that the cross section for the peripheral 
processes (p,< me, AT< me?) for the 
production of an even number of pions 
will be 


On-+p—p' +n’ +n"+ (ret) = (0.70.7) mb. 


The statistical error is found to be large 
(~100%). This cross section may be 
identified with the cross section o, we 


calculated for the peripheral processes: 


taking place when the collision para- 
meter is greater than b > h/me. 

Comparing the experimental cross 
section with the table for o,, we see that 
the mean value of 0,- is 50 mb (with 
a statistical error +100%). 

Note that under the same conditions 
the total cross section op is equal to: 
26 mb. Therefore, the peripheral pro- 
cesses, with the collision pa ameter 
b>i/me, are only a small part of all 
the processes. This result, by the way, 
is quite obvious, if one looks at the 
curve showing the distribution of a pion 
charge in a nucleon as calculated in (?). 

The same result points out that the 
central regions of a nucleon r < h/me 
are very opaque. Indeed, it is easy to 


see from the data on the total cross. 


section 6,1 and from the data for o, 
that the mean absorption coefficient & 
for the collision parameters b < h/me is 
equal to 0.4. On the other hand, in the 
region » = 0.3(h/me) (the region of the 
maximum of the pion cloud density) 
this coefficient is close to 1, t.e., the 
total absorption. 


This result is in agreement with the. 


idea about an opaque kernel of a nucleon 
as is obtained from the optical model 
(CLES) 

The position of the maximum of the 
pion density is also in agreement with 
the mean transverse momentum P, 
transferred to the nucleon. It is pai 
which is equal to 370 MeV/c, while the 
corresponding dimension is 


hh 
b = 0.4-10-18 em = 0.3 — . 
me 


Thus, one must consider that for the 


processes of pion-nucleon interaction the: 


region of the pion cloud spreading from 
0.3(% mc) to À me is important. 


(4) D. I. BLOHINCEV, V. S. BARAËENKOV 


and V. G. GRISIN: Nuovo Cimento, 9, 249 (1958). 


(*) The author expresses his gratitude to- 


R.M. LEBEDEV, V. PETRZILKA and K.D. TOLSTOV 


et al. (*) for presenting the data and discussions. 
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(2, A°) Relative Parity and the Dalitz Decay of the X° Hyperon (*). 


J. SUCHER and G. A. SNow 


Department of Physics, University of Maryland - College Park 


(ricevuto il 5 Agosto 1960) 


The determination cf the relative parity, 4, of the X° and A° hyperon is of 
considerable interest. FRINBERG (!) has shown that the branching ratio of the 
Dalitz decay, 2° + A°+et-Le-, to the ordinary decay, 2° > A++, depends on the 
value of 7, being 1/184 for even (AW=-+1) and 1/165 for odd (A= — 1) relative 
parity. it is the purpose of this note to point out that if a reaction can be found 
in which polarized Y° hyperons are produced, then the angular correlation between 
the spin of the A° and the plane of the electron-positron pair in the &° Dalitz 
decay is very sensitive to the value of 7. The spin direction of the A° may be 
determined from the asymmetry (2) in the angular distribution of the decay pion 
from At p+r.. 

The effective interaction responsible for the ordinary X° decay is taken to be (3) 
H'=gwn00yyyxo:F# for P=+1, and H'=g'wnoy50pyyx0F# for A= —1. Consider 
a X in its rest frame with its spin in the direction of the unit vector n. The square 
of the matrix element for the decay 2° + A%+e++e-, summed over the electron 
spins, with the A° spin in the direction n’, has the form 


I=(1/2}(P+G-n), 


up to a constant factor. Here k is the sum of the electron and positron four- 
momenta: k= p++ p-= (E++ E_, p;+p-) = (kh, k), with k? = ko — k2. The 
scalar F and the vector G are given, in the case of even relative parity, by (*) 


| F.=3lk+q)+2m°k, 
USS | G, = [4 k®(-- k® +98) + 2m2k?]n + [G9 — 4m?)n-k — keg? k-qn-q] k + 
+ [— k°q? k-gqn-k + Rqn-qig : 


(*) Supported in part by the United States Air Force and by the United States Atomic Energy 


Commission. 
(1) G. FEINBERG: Phys. Rev., 109, 1019 (1958). See also G. FELDMAN and T. FULTON: Nucl. 


Phys., 8, 106 (1958). N 
(2) Summary by D. A. GLASER: Proc. of Ninth Conference on High Energy Nuclear Physics 


(Kiev, 1959), unpublished. | | 
(3) We make the same assumptions as in ref. (1) regarding structure dependent effects. 


(4) In eqs. (1+) terms proportional to the A° velocity have been dropped, since | k/M, | <.07. 
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where ¢ = p+— p-— (H, — E_, ps —Pp-) = (do + I), k = kj\k|, q re) ea 


is the electron mass. In the case of odd relative parity one finds 


(Fo = FRS + + qe) + 2m?ko, 


(Les) | G,= — [31/8 B+ @) + 2mekg] n — [Ga + Pink — keg? k-qn-q|k— 
—[— keg? k-qn:k sie keg?n-qiq i, 


The polarization P of the A° is given by P=G/F. If the Y° is polarized only par- 
tially, the symbol n in eqs. (1+) must be interpreted as the polarization of the EX, 
as we shall do henceforth. 

The nature of the above results is greatly clarified by a consideration of the 
special case of equal electron-positron energies: H,--W_=H. Then one finds, on 
neglecting m/H (= .013 for 2° decay) relative to unity, and for 3(m/H) <sin (0/2) < 1/3, 
where 0 is the angle between p. and p_, 


In eq. (2—), the identity (n-k> q)k <qan—(n-k)k — (n-q)q has been used. 
These equations may be compared will the corresponding ones for photon emission 
studied by Garro (?), in which case 


A 


(3) P,=-n+ 2n-kxe)kxe), 


(=>) Per SS? (ne) 


where e denotes the polarization vector of the photon and È is its direction of motion, 
with e-k—0. Since q-k=E? — HX, we have gq: k=0 when H,—E_,so that the 
vector q is quite analogous to the photon polarization, in our special case. The 
fact that the formulas for Y= + 1 and Y = —1 are switched in going from the 
photon to the pair is related to the pseudo-scalar nature of an electron-positron 
pair. 

It can be seen from eqs. (2--) that in the region where these equations are 
valid there will be a substantial difference between P, and P, as long as Ink. SEL 
In particular, if the pair is produced in a plane perpendicular to n, we get simply 


{4) PRET: IR se n 


Thus, in this case, there is a maximum difference between P, and P,, if the X° 
is polarized. Only the sense of the up-down asymmetry of the A° decay pion rela- 
tive to the plane of the &° Dalitz decay need then be determined, provided the 
direction of the polarization of the X° is known. This direction can, however, be 
inferred from the pion asymmetry in the ordinary X° decay, since, on averaging 
over e and k in eqs. (3+), the polarization of the A° is given by P= —4n for 
either case of relative parity. (5) 


(5) R. GATTO: Phys. Rev., 109, 610 (1958). 
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In the more general case, where E,# E_, 0 > 5°, but still k?/kj~1, one finds 7, a 
&F,. These less stringent conditions on p, and p_ are expected to be satisfied for 
the bulk of the events 2°+A°%+e*+e-. From eqs. (14) it follows that, if also 
In-k|< 1, then G, & — G,, so that still P, & — P,. Further inspection of eqs. (1+) 
indicates that P, and P, will in general differ substantially even if the restriction 


In-£| < 1 is removed. 

In conclusion, since the branching ratio for the Dalitz decay of the Y° is quite 
small, the determination of the (2°, A°) relative parity via these decays is clearly 
difficult. However, if a two-body £° production reaction can be found in which 
the X° is appreciably polarized, then the analysis of ~ 100 Dalitz decay events 
should provide an unambiguous determination of 7. Except for the 2? polarization 
requirement, which could of course be a serious drawback, the analysis described 
above would be a more reliable way of establishing the relative parity than the 
determination of the absolute branching ratio (!). Finally, it is clear from eqs. (3+) 
that measurement of the polarization direction of the photon in ordinary Y° decay 
(from a polarized 2°) could also determinate the (2°, A°) relative parity (°). 


* OK * 


One of us (G.A.8.) would like to thank A. RosENFELD and W. Wapa for useful 
discussions. 
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The Influence of a Possible Pion-Pion Interaction 
on the Photoproduction of Charged Pions. 


B. De Torus, E. FERRARI and H. MUNCZEK (*) 


Tstituto di Fisica dell Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 16 Agosto 1960) 


As is well known, the experimental evidence for photoproduction of charged 
pions is not in very good agreement with the prediction of the theory. The for- 
mulae derived on the basis of the dispersion relation approach by CHEW, GOLDBERGER, 
Low and NamBu ( ), and subsequently slightly modified and calculated numerically 
by ROBINSON (?) give the right order of magnitude of the cross section for positive 
pions, at 90° in the c.m.s., but not the correct behaviour as a function of energy. 
The disagreement is stronger at energies near the resonance (300 MeV); at low 
energies, recent experimental results (*) seem to show a better agreement with the 
theory. The most serious discrepancy between theory and experiment is given how- 
ever by the z/z* ratio at 90°, which is slowly but steadily decreasing with the 
energy while the theory predicts a nearly constant value. 

In this paper we will show that the theoretical predictions on the Tt-/mt ratio at 90° 
can be brought in better agreement with experiment by taking into account the 
presence of a possible pion-pion interaction, which has been already investigated 
by several authors (4). This interaction is supposed to take place in a resonant 
T—1, J=1 state. Starting from the Mandelstam representation, CINI and FUBINI 


(*) On leave of absence from Facultad de Ciencias Exactas and Comision Nacional de la Energia 
Atomica, Buenos Aires, Argentina, with a grant from « Universidad Nacional de Buenos Aires ». 


(*) G. F. CHew, M. L. GOLDBERGER, F. E. Low and y. NAMBU: Phys. Rev., 106, 1345 (1957). 


(°) €. ROBINSON: Tables of Cross-Sections for m+-Production from Hydrogen, according to the 


theory of CHEW, GOLDBERGER, Low and NAMBU; University of Illinois report (May 22, 1959). 
Hereafter the results contained in this paper will be referred to as CGLNR. 

(*) See for example G. BERNARDINI: Kiev Conference Report on Pion Photoproduction and 
Compton Effect on Nucleon, unpublished (1959), in particular Fig. 14 
in our Fig. 3. 


(*) The influence of the pion-pion interaction on pion-nucleon scattering has been investigated 
by W. R. FRAZER and J. R. FuLco: Phys. Rev. Lett., 2, 365 (1959); Phys. Rev., 117, 1603, 


1609 (1960); J. Bowcock, N. N. COTTINGHAM and D. LuRIb: Nuovo Cimento, 16, 918 (1960). 
The last paper contains further reference on the subject. 


; whose data are reported 
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have shown (°) that an approximate one-dimensional representation can be written 
for the scattering matrix at sufficiently low energies in which the lowest angular 
momentum contributions are taken into account for all the three reactions described 
by the same invariant amplitude. Pion-pion interaction leads in this approximate 
representation to a branch-cut in the momentum transfer 
variable of photoproduction from 4u? to co. If the inter- 


action is strong enough as to lead to a sharp resonance N N 
the cut can be replaced by a pole at the value of the reso- È 
nance energy of the channel nucleon-antinucleon giving Gr) N 
one photon and one pion. In such a case the effect of Y 


the J=1, 7=1 pion-pion resonance is simply to add to 
the expression of the scattering amplitude of CLGNR 
a contribution of the form of the lowest order pertur- 
bation term with an intermediate « particle» of spin 1 and isotopic spin 1. This 
property has been fully discussed in (4), (5) and we take it here as demonstrated (5). 
We therefore calculate here the contribution of the graph shown in Fig. 1. 

The form of the corresponding matrix element is fixed by invariance and parity 
requirements, and by the spin properties of the intermediate « particle ». 

We write the contribution SG (B is the isotopic spin index) to the total S-matrix 
element as: 


1 = 
(1) S5 = i(22t)*04(py + I Po q) === U(Po) A U(P)Tp > 
V4wE,B, 
with 
ed 822A : [in — Mp Vi UT ; 3 n 
(2) A= om pe + PME W pi OM rar (Da — Di), | Envie By €2 Qo > 


where k, 4, p,. p, are the 4-momenta of the photon, pion, initial and final nucleon 
respectively; ky, ©, E,, E» the corresponding energies; e is the polarization vector 
of the photon; 4, and y, are the anomalous magnetic moments of proton and 
neutron, M—nucleon mass, u=pion mass. The «mass» of the resonant state is 
assumed to be ~ 4 uw. The value (4, — u,)/2M for the ratio between the «electric » 
and «magnetic » interaction is suggested from comparison with the corresponding 
electromagnetic vertex (see ref. (4) for an analogous treatment). The constant 4 
is proportional to the «strength» of the photon-three pion interaction. The con- 
tribution (2), written in terms of the invariants M,, Mz, Me, M, defined in (') reads 


82 A ty — Un 
di de E) 
Pine 2 i 2 


In order to carry out the calculation, one has simply to sum the coefficients 
of the invariants appearing in (3) to the corresponding four amplitudes AOS BO, 
C®, DO defined in ref. (1). Since.# does not depend explicitly on the phase-shifts, 
it has to be multiplied also by a recoil factor (1+@/M)!. We want to take into 
account also another effect which can influence the expression of the total matrix 
element. As it has already been pointed out in (45), the high energy region should 


(5) M. Cini and S. FuBINI: Ann. Phys., 3, 352 (1960). 

(5) This has been confirmed by the work of M. GOURDIN, D. Luriz and A. MARTIN: Effect 
of a Pion-Pion Scattering Resonance on Low Energy Meson Photoproduction, to be published 
in Nuovo Cimento. 
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contribute approximately an additive constant to those invariant amplitudes which 
are even in the variable », that is A, B®, CO and D®. Neglecting such constants 
amounts to assuming specific properties of the integrands at high energies. We shall 
then replace the invariant coefficient A, with A®+8z7a throughout and do the 
same for B®, CI and D®; we shall consider the four constants a, b, €, d, as well 
as the strength A, as adjustable parameters, trying however to fit the data with 
the least number of them. One finds that at 90° the influence of b and d can be 
safely neglected, and the other constants can be taken as real (?). 

Some of the invariant amplitudes of the CGLNR formula contain the s-wave 
and the small p-wave phase shifts of the pion-nucleon scattering. In ref. (?) a linear 
dependence on the momentum for the s-phase shifts, and an effective range formula 
for the p-phase shifts have been assumed. We preferred to use for the s- and small 
p-phase shift the experimental results directly (*). In spite of the very large errors 
which affect some of the data used, one finds values which are remarkably dif- 
ferent from the ones used in ref. (?), especially at higher energies. A better approx- 
imation than the effective range formula for the small p-phase shifts could be 
obtained by putting all of them equal to zero. 

After carrying out the calculations, one finds: 


1) The introduction of the pion-pion interaction A gives the required de- 
creasing behaviour of the ratio. The decrease is more rapid near 300 MeV, as an 
effect of the resonant 33-phase shift, which shows also in the original CGLNR curve 
(curve A in Fig. 2). The introduction of the constant A alone gives a decrease 


oe :] A Bernardini (Kiev conf. report) 
lor = 


È } Beneventano et al. 
2.0 90C.M 


Ÿ Sands et al. 
ni Caltech (In Beneventano et al.) 


aH 


(A=0.8 ; a=0) 
(A=1.46 ; a=0.03) 


== ft (CGLNR) 
lei dd a=0.02) 


i Ey (Lab) 
150 200 250 300 Ey MC Re 


Fig. 2. 


(7) Another parameter which should be considered is the s-wav 
in ref. (1). Usually this constant 
gives for w?N‘—) 


e contribution N°‘), defined 
is put equal to zero: a rough evaluation however is possible, and 
eB a nearly constant value, about 0.06. When the constant ec is considered any 
variation of w?N‘~) can be practically absorbed into a corresponding variation of th a 

preceding estimate can be taken as reliable, Le canini 


(8) We thank Dr. C. PELLEGRINI for his help in the collection of these data 
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too slow to fit all the experimental points well (curve B in Fig. 2). A better result 
is obtained by taking a small negative value for a. Curves 0, and OC, refer to 
two of the possible choices of A and a. The first one fits the experimental data of 
BENEVENTANO et al. (9) (obtained with the emulsion technique up to 250 MeV). 
The second one considers also the experimental data of SANDS et al. (19) (obtained 
with counters). The ratio is rather insensitive to c and N, and to the variations 
within the errors of the small p-phase shifts: on the other hand, if A=0 no choice 
of the other constants gives the correct result. 


2) As far the r+-distribution at 90° is concerned (we consider the coefficient ag 
defined in ref. (*) and (*)) we see that the behaviour of this curve is substantially 
unaltered by the new constants introduced: only the magnitude is affected, and 
with a convenient choice for the constant c it can be normalized at any value: 
in particular one can reproduce the original CGLNR curve up to 300 MeV. A mod- 
ification of this behaviour can be obtained by altering the values of the parameter f? 


A vd; è Beneventano et al. 
ag 10 esr 90° C.M. Y Leiss, Penner, Robinson 

30+ 
3 Lewis and Azuma 
Ù Barbaro and Goldwasser 

fl À Adamovich et al. 
} Peterson et al. 
N 
20 
ae (0.081 j0* =2.08) 
x ; A 7 n 
IL SF Grass area 
B 
Ji 3 
10F 
3 
è 
E, (Lab) 
‘i SCSI E 1 > 
150 200 250 300 350 MeV 


Fig. 3. 


and w* of the resonant 33-phase shift: curves A and B in Fig. 3 are calculated 
for the values f2=0.081, w*—2.08 (as in ref. (?)) and f?=0.083, DA (asain 
ref. (3)). The variation of these parameters does not influence the x~/z* ratio. 


(®) M. BENEVENTANO, G. BERNARDINI, G. STOPPINI and L. Tau: Nuovo Cimento, 10, 1109 (1958). 

G°) M. Sanps, J. G. TEASDALE and R. L. WALKER: Phys. Rev., 95, 592 (1954). The same data 
are reported again in G. NEUGEBAUER, W. 0. WALES and R. L. WALKER: Phys. Rev. Lett., 2, 
429 (1959). 
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No one of these choices, however, is fully satisfactory in the whole range of 
energy considered (up to (800—350) MeV): on the other hand, one can think that 
the situation is not made worse with respect to the one without the corrections 
considered in this paper. More detailed work on the same subject at other angles 
and on critical examination of the role of the constants introduced will be done later. 


+ OK * 


We thank Prof. M. CINI for constant advice and helpful suggestions. We thank 
also Proff. M. BENEVENTANO, L. OpIAN and G. Sroppini for clarifying discussions 
on the experimental aspect of the problem. 
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On a Contradiction between Experimental Results on Nucleon Form Factors 
and Certain Symmetries of Strong Interactions. 


Pu. MEYER (*) and J. PRENTKI 


CERN - Geneva 


(ricevuto il 27 Agosto 1960) 


A number of consequences of the symmetries of strong interactions on the 
electromagnetic properties of hyperons have been deduced previously (5). The main 
object of this note is to point out that in some of the symmetrical theories of strong 
interactions that have been proposed, the contribution of the pion intermediate. 
states to the isoscalar electromagnetic form factors of nucleons and hyperons van- 
ishes at all orders in the strong interactions. This is a consequence of a known 
theorem (5) proved under symmetry assumptions which will be specified later on. 

Let us write the hamiltonian of strong and electromagnetic interactions as 


(1) Hsscoa = 91Nt Nive + GuETET + GAZT + 932 TER + 9;NAK + 
+qNtZK + 9,5AK + gsErZK + h.e., 


(2) HE ts A 7 SÈ JA, = ie[&Ny,(1 “a TN. ae 5 By (Te AR 
cli ZVu TZ "o 3 K(1 + Ta) 0, K (07 hj) n T2) + aT30y TA LT 


2 


SE e[3 K(1 AF T3) AN + n Tin] A’, ? 


N, =, K denote the isotopic spinors of the corresponding fields, Z and 7 are isotopic 
vectors, À =it,K, T, is the third component of the isotopic spin-one matrix. In (1) 
the appropriate y; have been omitted and (2) is to be understood as properly sym- 
metrized. 

We shall assume that the strong interactions have the N-E symmetry. In 


(*) On leave from Université de Bordeaux and Faculté des Sciences, Orsay. 

(1) D. C. PEASLEE: Nuovo Cimento, 6, 1 (1957). 

() M. GELL-MANN: Annual International Conference on High Energy Physics at CERN (1958), 
edited by B. FERRETTI (CERN, Geneva, 1958). 

(3) G. FEINBERG and R. E. BEHRENDS: Phys. Rev., 1155 740) (1909) 

(4) K. TANAKA: preprint. 

(®) G. FEINBERG: preprint. 

(5) R. Pucx: Phys. Rev., 109, 989 (1958). 
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this scheme, specially considered by SALAM and PoLKINGHORNE (7), N and £ fields 
are coupled in a symmetrical way to 7's and K’s, and the N— E mass difference 


is neglected: 


(3) 91 = Ya» 95 = *97> Je = #98, My = ME - 


The theorem of interest whose consequences shall be studied can be stated as 
follows: if the strong interactions have the N-Z symmetry the transition ampli- 
tude between states containing only pions, photons, and K-mesons vanishes at all 
orders of the strong and electromagnetic interactions for a process in which the 
sum of the total number of initial and final pions involved is odd. 

For completeness we shall sketch the proof. Let us define the transformation 
U=GV where G=C exp [ixTy] is the product of a charge conjugation and a rotation 
of x around the 2nd axis in isotopie spin space and where V is the transformation, 


N= (Zh es Tete hae 


(4) Va: ; 
E>- N, K>—K. 


The combined transformat on U is then given by 


N>GZz, Z->GX, TOR =— 7, 
(5) DNS == GN A= GA,” “Ka Gia == he. 
APS A? Ù 


It can be easily seen that Hong is separately invariant under G (from assumed charge 
independance) and under V (from relations (3) between the coupling constants). 
On the other hand #,,, is invariant only under the combined transformation U, 
the isotopic scalar part of j, and the isotopic vector part of J both changing sign 
under G and under V. We therefore conclude that the complete hamiltonian is 
invariant under the transformation U if N- £ symmetry is assumed (*). The 
theorem stated above then follows immediately from relation (5) (**). It is obvious 
that if the theorem holds for the N-Z symmetry it holds a fortiori for global 
symmetry in which g,=9,=9,;=g,, and K interactions are neglected. 

One consequence of the above theorem is that in a theory which has the N-£ 
symmetry or the global symmetry the x°—~2y decay is fobidden (3:8). However the 
fact that x° does decay is not so strong a statement against the usefulness of the 
proposed symmetries since a break in the symmetry, which we know must exist 
from the N — E mass difference, will allow the decay. Nevertheless it points to 
the fact that in 7° decay each graph which contains A N-N loop is partially sup- 
pressed by the corresponding £-E loop. Therefore it might not be meaningless 
to calculate 7° decay in lowest order perturbation taking into account the hyperons (8°). 


i. Rite and J. C. POLKINGHORNE: Nuovo Cimento, 2, 685 (1955) 
Vote that if we have the minus si i i nt i a 
f i S sign in relations (3) then invariance is obtai i 2 
sign is exchanged in the N-& transformations (4) and (5) = mary 
(**) K-mesons can be included in initi i re 
| ial and final states because ¢ ‘vati S 2 
requires the total number to be even. SE din ae 
(5) T. KixosHITA: Phys. Rev., 94, 1384 (1954). 
(9) J. Tromno: Nuovo Cimento, 6, 256 (1957). 


3428 


ON A CONTRADICTION BETWEEN EXPERIMENTAL RESULTS ETC. 205 


One then gets for the x° life time 


(6) Da gr) luc) fe hu gs\ 
T7 \4x A h}\My Mszg,}’ 


or 


(7) si n 
seco Mz — Mx(94/91) | 


where 7, is the perturbation result, neglecting the £. If one takes g,=9,, 7 is 
increased over t by a factor 12. With gî/4r%c=13 this gives for the lifetime 
t=6-10-16 s which, considering the crude approximations, is still compatible with 
the present experimental upper limit on the x° lifetime (!°). 

Another consequence of the stated theorem concerns the isotopic scalar electro- 
magnetic form factors of the baryons. If the N- or global symmetry holds, 
the vertex formed with one photon line and an odd number of pion lines vanishes. 
On the other hand it is known from G invariance (1!) that the intermediate pion 
states with an even number of pions contribute to the isovector form factors, and 
those with an odd number of pions contribute to the isoscalar part. The conclusion 
is then that the assumed symmetries im ply that the pion contribution to the isoscalar 
form factors of nucleons and hyperons vanish at all orders in the strong interactions. 
In the language of dispersion theory this means that the first mass states which 
contribute to the isoscalar form factor are the K-K pairs. If only these high mass 
states contribute to the disperion integrals one would then expect the isoscalar form 
factor to be nearly constant for small values of the square of the 4-dimensional 
momentum transfer. By definition it implies a small isoscalar contribution to the 
mean square radius of both the charge and the magnetization density distributions. 
This is in contradiction with the large value of the mean square radius of the 
proton charge distribution and the almost zero value of the corresponding neutron 
charge distribution found experimentally (). Apart from the problem of the 
mean square radius, the K contribution seems to be unable to account for the 
isoscalar form factors themselves (11). The situation would be specially difficult 
in the case of global symmetry where the K couplings are assumed to be small. 

We wish to emphasize that N-5£ symmetry is necessary to draw the above 
conclusions. If for instance only restricted symmetry is assumed, i.e. g9=93, but 
nothing is said about the equality of N-a and £-a couplings, the vanishing 
of the pion contribution to the isoscalar form factors does not result any more. 

Though one knows that the proposed symmetries can only be approximate it 
might be hoped that they are still useful concepts when no real K particles are 
involved in the process considered. The above considerations on the electromagnetic 
properties of nucleons seem to invalidate such a point of view in the case of N-£ 
and global symmetry, but not in the case ot restricted symmetry. 


* OK OK 


One of us (P. M.) would like to thank CERN for its kind hospitality. 
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W. Espe — Werkstoffkunde der Hoch- 
vakuumtechnik. Vol. I: Metalle 
und metallisch leitende Werkstoffe. 
Deutscher Verlag der Wissen- 
schaften, Berlin, 1959, pp. 910, 
669 figure, DM 145. 

Con questo ponderoso volume ha 
inizio la riedizione del noto e utilissimo 
testo di Espe e Knoll, pubblicato nel 
1936 dallo Springer Verlag, fondamen- 
tale opera di 


consultazione per ogni 
tecnica che utilizzi l’alto e altissimo 
vuoto, riedizione che è curata da uno 


dei suoi autori, professore alla T.H. di 
Bratislava (Ü.S.R.). Esso si rifà comple- 
tamente all’antico testo, come suddivi- 
sione degli argomenti e presentazione, 
la quale permette un’agevole consulta- 
zione malgrado la quantità di notizie 
riportate. Ma rispetto ad esso le dimen- 
sioni sono sestuplicate. 

A questo primo volume dovrà far 
seguito un secondo sui materiali silicei 
(vetro, quarzo, ceramica, mica, asbesto) 
e un terzo sui materiali ausiliari da vuoto 
(sostanze fluorescenti, gomme, grassi, 
mastici, olii, gas, vapori), inoltre è in 
progetto uno sulle saldature da vuoto 
metallo-vetro-ceramica e sui getter. 

In questo volume vengono trattati 
(in 910 pg contro le 157 del vecchio 
testo), tutti i metalli e le leghe usate 
nella tecnica dell’alto vuoto. Dopo alcune 
nozioni metallografiche, vengono trat- 
tati i metalli e le leghe ad alto punto di 
fusione, i metalli nobili, quelli non nobili 


e loro leghe e composti, i metalli rari, 
gli alcalini, alcalino-terrosi, il mercurio, 
ed il carbonio. Di ognuno vengono for- 
niti dapprima dei dati di natura generale 
(come i processi di ottenimento, lavora- 
zione, le proprietà chimiche, fisiche, ecc. 
e le varie ditte produttrici nel caso di 
leghe speciali, spesso sotto forma di 
tabelle; poi le varie applicazioni che essi 
trovano nella tecnica del vuoto. Il tutto 
è corredato da continue citazioni biblio- 
grafiche. 

Nell'ultimo capitolo (circa 300 pg.) 
vengono poi esposti tutti i metodi spe- 
ciali di preparazione per l’alto vuoto: 
lavorazione, degassamento, saldature e 
trattamenti superficiali. 

11 libro è aggiornato fino all’Aprile 
1957, pur riportando ancora alcuni lavori 
e risultati importanti posteriori a questa 
data. Come già detto il volume è ric- 
chissimo di grafici e tabelle, che facili- 
tano la ricerca delle notizie richieste; 
ricerca che d’altra parte viene guidata 
dalla fitta e omogenea suddivisione del 
testo in capitoli, paragrafi, capoversi 
(anche se all’inizio richiede un poco di 
attenzione per essere compresa). Il testo 
si rivolge soprattutto al campo della 
costruzione delle valvole termoioniche, 
al quale si fa continuamente riferimento, 
e per esso si trova la sua piena utilizza- 
zione. Per un laboratorio di fisica può 
forse in certi punti essere eccessivo, con 
i suoi riferimenti a tecniche industriali, 
ma per la ricchezza di notizie contenu- 
tevi esso rappresenta senz'altro un’opera 
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fondamentale di consultazione per la 
conoscenza dei materiali da adoperare 
in ogni applicazione della tecnica del 
vuoto. 


F. Dupré 


L. Houzer — Zahlentheorie. Teubner, 
Leipzig, Teil I (1958), pp. v1-202; 
Teil II (1959), pp. vi-126. Vol. 13 
e 14 della Mathematische Natur- 
wissenschaftliche Bibliotek. 


Nel primo volume l’autore è riu- 
scito a concentrare in modo veramente 
assai perspicuo tutta la parte elemen- 
tare della teoria dei numeri algebrici. 
Precisamente nel 1° capitolo si danno 
le proprietà fondamentali delle con- 
gruenze, nel 2° si approfondiscono le 
proprieta di residui quadratici, nel 3° si 
danno le prime proprieta degli interi 
algebrici giungendo sino alla ricerca 
delle unità ed al calcolo del numero 
delle classi per i corpi quadratici. 

Anche sé non sappiamo di applica- 
zioni della vera e propria teoria dei 
numeri algebrici, anche in vista delle 
sempre crescenti applicazioni dell’algebra 
(in particolare, algebre e campi finiti), 
pensiamo che almeno una gran parte 
del contenuto di questo volume sarebbe 
bene che entrasse nel bagaglio culturale 
di chiunque voglia usare con profitto 
la matematica. 

Il secondo volume è invece un po’ 
più specialistico. Nel 1° capitolo par- 
tendo dalla ricerca delle unità in un 
corpo di numeri algebrici si arriva alla 
teoria di Hilbert per i corpi di Galois; 
nel 2° capitolo si svolge la parte classica 
della teoria del corpo di classi. Questa 
nuova trattazione può essere assai utile 


anche se — forse per il carattere della 
collezione — non si fa nessun cenno 
ai recenti amplissimi sviluppi della 
teoria. 


MicHELE SCE 


3431 


E RECENSIONI 207 
H. FASSBENDER — Hinfiihrung in die 
Messtechnik der Kernstrahlung und 
die Anwendung der Radioisotope; 
Georg Thieme Verlag, Stuttgart, 
1958, pp. x1-223, figg. 142, tab. 15. 

Gli straordinari progressi delle tecni- 
che di misura della radiazione e delle ap- 
plicazioni degli isotopi radioattivi hanno 
indotto l'Autore a raccogliere in questo 
volumetto ciò che può riuscire utile a 
un pubblico di non specialisti per una 
visione generale dell’argomento: il me- 
dico, il biologo, il tecnico e, sotto certi 
aspetti, lo studente potranno trovarvi 
una guida semplice per acquisire i prin- 
cipi fondamentali, un congruo numero 
di informazioni quantitative, un orien- 
tamento sulla letteratura specializzata. 

Il libro è diviso in quattro parti. La 
prima introduce alcune nozioni sulla 
struttura dell’atomo e del suo nucleo, 
sulla dinamica delle reazioni nucleari, 
sui metodi di produzione delle radia- 
zioni. La seconda parte dà un quadro 
descrittivo delle tecniche di rivelazione 
delle radiazioni e dei metodi di misura, 
con riferimenti ad apparecchiature com- 
merciali, le cui caratteristiche sono spesso 
illustrate. Nella terza parte si passano 
in rassegna le applicazioni diagnostiche e 
terapeutiche degli isotopi radioattivi non- 
chè il loro impiego nella chimica e nella 
tecnica. Chiude il volume una parte 
dedicata alla dosimetria, agli effetti della 
radiazione su organi e tessuti viventi, ed 
alle protezioni, con grafici e tabelle di 
uso corrente. 

Il libro ha un’impostazione essenzial- 
mente pratica: i fondamenti scientifici 
sono riassunti in modo rapido e dogma- 
tico, e in questo senso non pare che il 
libro sia utilmente dedicato a chi affronti 
l'argomento per la prima volta e voglia 
criticamente assimilarlo. Il lettore vi 
troverà peraltro una fonte notevole di 
informazioni utili a chi si serve della 
radioattività come strumento di lavoro 
indipendentemente dalle questioni fonda- 
mentali ad essa inerenti. 


Il volumetto si presenta ben ordinato 

e generalmente aggiornato ed è indub- 

biamente consigliabile a chiunque intenda 

interessarsi alle applicazioni degli isotopi 
radioattivi. 

C. MANDUCHI 


H. PFEIFER — Elektronisches Rau- 
schen. Teil I, Rauschquellen; 
B. G. Teubner Verlagsgellschaît, 
Leipzig, 1959; pp. v1-302. DM. 25. 


Il libro rappresenta una lettura di 
notevole interesse per quanti si occupano 
di elettronica e di alte frequenze. 

L’opera inizia presentando innanzi- 
tutto i metodi di indagine matematica 
che sono legati al problema in questione 
ed i principi fisici che stanno a fonda- 
mento di esso. 

Segue una serie di capitoli nei quali 
vengono prese in esame le cause di 
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disturbo per vari componenti elettronici 
quali: antenne, diodi semiconduttori, 
transistori, resistenze a strato di carbone 
e microfoni a carbone e per ognuno di 
essi l’autore arriva a calcolare il gene- 
ratore equivalente (di tensione o di 
corrente) che potrà sostituire la sorgente 
di rumore. 

A parte vengono trattati i tubi ad 
alto vuoto e per ogni elettrodo di essi 
viene esposto il calcolo dei segnali equi- 
valenti di disturbo, dopo di che si ana- 
lizza l’effetto dei singoli disturbi nei 
campi di applicazione delle basse e delle 
alte frequenze. 

A conclusione della prima parte di 
quest’opera sta una interpretazione quan- 
tistica dei fenomeni considerati. 

In appendice si trovano utili tabelle 
dalle quali si possono ricavare le gran- 
dezze equivalenti già calcolate per vari 
tubi di maggior impiego nel campo delle 
alte frequenze. 
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